26

Chapter 1 Sets

Figure 1.7 A partition of a set

the number 0. In additon, R can be partitioned into the set Q of rational numbers and
the sei I of irrational numbers.

BExample 120 Ler A={1,2,..., 12}

(a} Give an example of a partition § of A such that [§] = 5.
(b} Give an cxample of a subset T of the partition § in (a) such that [7'] = 3.
{(cy List all those clements B in the partition § in (a) such that |B| =

Selufion {2) We are seeking a partition 5 of 4 consisting of five subsets. One such
example is
§={{1,2), (3,4}, 5,6}, {7, 8.9}, {10, 11, 12}}.

() We are seeking a subset 7 of § (given in (a)} consisting of three elements.
One such sxampls is

={{1,2}, {3, 4}, {7. 8,91}

{c) We have been asked to list all those elements of § (given in {a)) consisting of
two elements of A. These elements are: {1, 2}, {3,4}, {5.6}. ¢

[_ 1.6 Cartesian Products of Seis _]

We've already mentioned that when a set A is described by listing its elements, the order
in which the clements of A are listed doesn’L matter. That i, If the set & consists of two
clements x and y, then A = {x, y} = {, x}. When we speak of the ordered pair (x, ),
however, this is another story, The ordered pair (x, ¥) Is a single element consisting of &
pair of elements in which x is the first ¢lement (or first coordinats} of the ordered pair
(x, ¥) and y is the second element (or second coordinate). Morcover, for two ordered
pairs (x, ¥) and (w, 7) to be equal, that is, (x, ) = {w, z), we must have x = w and
y=1z.80,ifx #£ y, then{x, y) # (¥, x).

The Carfesian product (or simply the product) A x B of two sefs 4 and B is the
set consisting of all ordered pairs whose first coordinate belongs 1o A and whose second
coordinate belengs to B, In other words, :

Ax B ={{a,h): acAand b € B}.
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Example 121 {fA = {x, yland B = {1, 2, 3}, then
A B =[x, 1) (2, 2, 031 (O 143, 20, O 30,
while
Bt A =((1,x), (1, ¥2.42, %), (2,33 3, 0. B, )}

Since, for example, (x. 1) € A X B and (x, 1) ¢ B x A, these two sets do not contain
the same elements; so A x B # 8 x A Alo,

Ax A= {00009, 051 (0 )
and
Bx B={(1 (L2, (1L3.(2,1,(2,2), 23,6, D, 6, 25:6,3)F 4

Wealsonote thatif A s @or B =@, then A x B =
The Cartesian product R x R is the set of all points in the Buclidean plane. For
example, the graph of the straight line ¥ = 2x 4 3 is the set

HER y)ERxR ¥ =72r+3}

Forthesets 4 = {x ¥} andB = {1, 2, 3} given in Example 1.21, \A' =2and |B| =
3; while | A x B| = 6. Indeed, for all finite sets A and &,

14 = B = |A[-|B].

Cartesian products will be explored in mere detail in Chapter 7.

EXERCISES FOR CHAPTER 1

Scetion 1.1: Descrfhing a Set

1.1. Which of the followirg are sets?
(a) 1,2,3 '
(b (1,2),3
(e} {{1},2}.3
) {1, 12}, 3]
(&) (1,2, a,b) 7 _
12 Let § = {—2, ~1,0, 1,2, 3}, Describe cach of the following seis as {x € § ¢ p{x)}, where p(x) is some
condition on x. ’
A={L2,%
B=1{0,1273)
(c} € =1{-2,—1}.
(dy D ={-223}
.3, Determine the cardinality of each of the following sets:
fa) 4=1{1,2,3,45)
() B =1[0,2,4,...,20}
() € = [25,26,27, ....75}
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W D=1{{1,2} {1, 2,3, 4}}
(e} £ = {#)

S0 F=1{2,{2.3.4}

1.4.

1.5

1.6,

Write each of the following scts by listing its elements within braces.

(a) A={neZ: -4 <cn=4)

by B=ine?Z: <3}

) C={neN: n <100}

() D={xecR: x*—x =0

() E={xeR: x> 4+1=0]

Write each of the following sets in the form {x € Z : p{x)}, where p(x) is a property concerning x,
@ A={-1-2-3,..}

b) B =1{-3~2....3}

ey C=1{-2,-1,1,2}

The set F = {2x . x € Z} can be described by listing its elements, namely £ ={.... —4.-2,0,2,4, ],
List the elements of the following sets in a similar manner,

@) A={2x+1: x€Z}

by B={4n: ne?}

ey C={3g+1: gei}

. Theset E=1{...,—4,-2,0,2,4, ...} of even infegers van be described by means of a defining condition

by E={y=2x: 2 € L} ={2x: x g Z}. Describe the following sets in a similar manner.
@ A=1{..,-4-1258..]

&y B=1{...-10,—5,0,510,...}

() C={1,8,27 04,125, ..}

Section 1.2: Subseis

1.8.

. Porauniversal sct &7 = {1, 2, ..

Give examples of three sets A, B, and € such that
(@ AcBcC

() AcB.BeC,and A ¢C.

{c) AcBandACC.

. Let {a, b} be an open interval of real numbers and let ¢ € (@, ). Describe an open interval § cenlered atc

such that I C (a, b).

. Which of the following sets are equal?

A=lneZ: |n| =2}
B={necZ: n’=u}
C={neZ: nt<n}

D={neZ: n*=<l)
E={~10.1)

B} and two sets A = {1,3,4, 7} and B = {4, 5, 8), draw a Venn diagram
that represents these sets.

. Find P{A) and |P(A)] for

(a) A={l,2].
) A=1{3.1,{a).

. Find PLAY for A = {0, {0},

114

1.I5.
1.L6.

Exercises for Chapter 1 29

Find P{P({11)) and its cardinality.

Find P(A) and |P{A)Y for A = [0, @, (@}
Give an example of a set $ such that

w §CPMN)

b § e P{N)

(c) §CPNyand [S1 =35,

(@ S e P(N)and [§] =5.

Section 1.3: Set Operations

117

1.18.

1.19.
1.20.

121

1.22.

1.23.

124,

Letl = {1,3,..., 13) be the universal set, 4 = (1, 5,9, 13}, and 8 = {3.9, 15}. Determine the following:
WAUB MANE, (A8, (DB=-4, &4 H)ANE.

Give examples of three sets A, B, and C such that

() AEB,ACC,andB ZC.

b BeA BCC,andANC # 8.

) Ac B BCC andd €C.

(Give examples of three sets 4, 8, and C suchthat B 2 C bt B — A= — A,

Give examples of two sels A and 8 such that |[A — B| = |[A N B| = {B — A| = 3. Draw the accompanying
Venn diagram.
Let {7 be a universal set and let A4 and £ be two subsets of I/, Draw a Venn diagram for sach of the
following sets.
@ AUB (b ANE () ANB (d) AUE
What can you say about parts {a) and (b)7 parts (c) and (d)?
Give an example of a universal set I/, two sets A and 2, and an accompanying Venn diagram such that
[ANB|=|A—~B|=[B—A|=|4AUBj=2.
Let 4, B. and € be nonemply subsets of a untversal set I7. Draw a Veon diagram for each of the following
6t operations.
W (C—BIUA
by Cni(4d—B) ]
Lot 4 — {8, {8, {{#}}).
{a) Determine which of the following we elements of A: 8. (8], |, (A1)
(b) Determine |A|.
{c} Determing which of the following arc subsets of A: @, {#), {#, {#]}.
For (d)i}, determing ihe indicated seis.
W ana
ey 1M A
0 @, (A
(@ oA
h) [@uva
W (8,42 U A
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Section 1.4: [ndexed Collections of Sets

1.25,

1.26.

1.27.

1,28,

1.29.

1.30.

1.3L

Give examples of 2 universal set U/ and sets A, B, and C such that cach of the following sets contains
exactly one element: ANBNC (AN —C, (ANC) — BBNC)— A, A—(BUCLEB-(AUD),

C — (A% B), AUE UC. Draw the accompanying Veon diagram.

For a real number r, define A, = {r?}, B, as the closed interval [ — 1,r - 1], and €, 2s the interval {r, co).
For § = {1, 2, 4}, determine

(a) UaES A“ and maGS Aw

() UuES B, and nggs By

(©) Upes Co a0 [Nyes Ca

Letd=11,2,5},B=1{0,2,4,C ={2.3,4},and § = {4, B.C}. Determine {_Jy-g X and [y .5 X-

For a real number r, define 5, to be the interval [ — 1, + 4+ 21 Let 4 = {1,3, 4]. Determine g So and ’
ﬁmEA Sﬂ'

Let A = {a, b, ..., z} be the set consisting of the leters of the alphabet. For w € A, let A, consist of & and
the two letters that follow i, where 4, = {v, z,a} and A; = [z. &, b}. Find a set § € A of smallest
cardinality such that {_}, ¢ A. = A. Explain why your set $ has the required properties.

For each of the following collections of sets, define a set Ay for each # € N such that the indexed collection
{An}nen is precisely the given collection of sets, Then find both the union and intersection of the indexed
collection of sets.

(@ L2+ 1, L2+ 12, L2+ /3. )

(b} {{—1,2), (=3/2,4}, (=5/3,6), (=7/4,8)... ]

For each of the foliowing, find an indexed collection {A, laen of distinot sets {that is, no (wo sets are equal)
satisfying the given conditions.

@ [V, A= {0band 32, 4, = [0. 1),

) (Yo, 4, ={—1,0,1}and U= A =2

Section 1.5: Partitions of Sets

[.32.

1,33,

Which of the following are partitions of A = {a, b, ¢, d. ¢, f, g}? For each collection of subsets that is not a
partition of A, explain your answer.

@ S =a,coe g b fl. {4}

(® $2 = {{a.b.c.d) e f11

(cy 81=1{4)

(d) 8 = {{al, 8, (b e.d}, le, Fogll

(e} § = lla,c.d}, th. gl {e}. b, F1}

Which af the following sets are partitions of 4 = (1,2,3,4,517
(a) & = {{1.3}L {2, 34

(1) Sa=({1,21{3,4.5L12. 1))

(c) 85 =1{1,2}, 12,3}, 3. 4). 4. 5h

) Sy=4

1.34. Let A = {1,2.3,4, 5, 6}. Give an example of partition § of A such that [} = 3.

1.35.

Give an cxample of a sel A with {4| = 4 and twao disjuint partitions §; and §; of A with [ S =
|82] =13

1.36.

1.37.
1.38.
1.35.
1.40.

Additional Exercises for Chapier 1 31

Give an example of three sets 4, §), and Sy such that 8 is a partition of 4, S 154 partition of 5, and
[§2] = 151 < 14}

Give an example of a pattition of () into three subsels.
Give an example of a partition of N inta three subsets.
Give an example of a partition of Z into four subsets.

L_cl A={1,2,...,12). Give an example of 4 partition S of A satisfying the following requirements:
(1) 18] = 5, (ii) T is 4 subset of § such that |7} = 4 and | Uxer X{ = 10, and (jif) there is no element B £ §
such that |51 = 3.

Section 1.6: Cartesian Products of Sets

1.4},
1.42.
1.43.
1.44.
145
1.46.
147,

ict A ={x,y, z}and B = {x, y}. Determine A x B.

Let A = {1, {13, {{1}]}. Determine A x A.

For A == {a. b). Determine A x P(4).

For A = [@, {#]}. Determine A x P(A).

For A = {1, 2} and B = {#], determine A x B and P{A) = P(B).

Describe the graph of the circle whose equation i5 32 + y* =4 as a subset of R x R.

fist the elements of the set § = {(x, ¥) € Z x Z: {x| + ly| = 3}. Plot the coresponding peints in the
Euclidean x-y plane.

ADDITIONAL EXERCISES FOR CHAPTER 1

1.48.

1.46.

1.50.

Let § = (=10, =9, ..., 9, 10}. Describe each of the following scts as {x € & 1 p(x)}, where p(x} is some
condition on x. : -
(@ A={—10, =9 ..., =1 1,...,9.10}

(b)y B =1{-10,-9,...,—-1,0)

©) C={-5.-4..7

@ D={-10,-9,...74,6:7,...,10}

Describe each of the following sets by listing ifts elements within braces.
(w xeZ: x* —de =0}

by {x e R: |x] = =1}

Gy {meN: 2<m=<3]

@ reN: 0=n=3}

o) fkeQ: k2 —4=10}

M keZ: 0k —3=0)

g) thkeZ: 1 =k =10}

Determine the cardinality of each of the following scts.

(@ A=1{1,2,311,2,3}4, (4}

) B={xeR: x| =—1}

@ C=[meN:2=<m=5}

M D={neN: n <

(&) E=[keN: 1 =i < 100)

(f F=theZ: l k% = 100}
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1.51.
1.52.

1.54.
1.55.

1.56.

1.59.

1.60.

L6l

1.62.

Chapter 1 Sets

For A = {-1,0,1} and B = {x, y}, determine A x B.

Let U = {1, 2, 3} be the universal set, and let A = {1, 2}, B = {2, 3}, and C = {1, 3}. Determine the
following.

(a) (AUBY—(BNC(C)

) A

(¢ BUC

(d) AxB

. Let A={1,2,..., 10}. Give an example of two sets S and B such that § C P(A), |S| =4, B € S, and

|B| =2.

For A = {1} and C = {1, 2}, give an example of a set B such that P(A) C B C P(C).
Give examples of two sets A and B such that

@ ANP(A)e B

(b) P(A) C AUB.

Which of the following sets are equal?

A={neZ: -4<n<4} D={xeZ: x*=4x}
B={xeN:2x+2=0} E=1{-2,0,2}

C={xeZ:3x-2=0}

. Let A4 and B be sets in some unknown universal set U. Suppose that A = {3,8,9}, A — B = {1,2},

B —A={8},and AN B = {5, 7}. Determine U, A, and B.

. Let [ denote the interval [0, 00). For each r € /I, define

Ar={(x,) eRxR: x> +y?=r2},
B, = {(x,y)eRxR: x2+y2§r2},
Cr={. ) eRxR: x2+y > r2}.
(a) Determine | J,; A, and (),¢; Ar.
(b) Determine | J,; B- and ., B,
(c) Determine | J,.; C; and [, ; C;.
Give an example of four sets A, As, A3, A4 such that |4; N Aj| =i — j| for every two integers i and j
withl <i < j<4.
(a) Give an example of two problems suggested by Exercise 1.59 (above).
(b) Solve one of the problems in (a).
Let A=1{1,2,3},B=1{1,2,3,4},and C = {1, 2, 3,4, 5}. For the sets S and T described below, explain
whether [S] < |T|, |S| > |T[,or |S| = |T].
(a) Let B be the universal set and let S be the set of all subsets X of B for which |X| # |X|. Let T be the
set of 2-element subsets of C.
(b) Let § be the set of all partitions of the set A and let T' be the set of 4-element subsets of C.

(c) LetS={(b,a): b€ B,ac A,a+bisodd} and let T be the set of all nonempty proper subsets of A.

Give an example of aset A = {1, 2, ..., k} for a smallest k € N having subsets A;, A,, A3 such that
|Ai — A;l =14; — Ai| = |i — j| forevery two integers i and j with 1 <i < j < 3.

Logic

In mathematics our goal is to seek the truth. Are there connections between two given
mathematical concepts? If so, what are they? Under what conditions does an object
possess a particular property? Finding answers to questions such as these is important,
but we cannot be satisfied only with this. We must be certain that we are right and that
our explanation for why we beli¢ve we are correct is convincing to others. The reasoning
we use as we proceed from what we know to what we wish to show must be logical. It
must make sense to others, not just to ourselves.

There is joint responsibility here, however. It is the writer’s responsibility to use the
rules of logic to give a valid and clear argument with enough details provided to allow
the reader to understand what we have written and to be convinced. It is the reader’s
responsibility to know the basics of logic and to study the concepts involved sufficiently
well so that he or she will not only be able to understand a well-presented argument but
can decide as well whether it is valid. Consequently, both writer and reader must have
some familiarity with logic.

(Although it is possible to spend a great deal of time studying logic, we will present
only what we actually need and will instead use the majority of our time putting what
we learr into’ practice.

—

2.1 Statements - J

In mathematics we are constantly dealing with statements. By a statement we mean a
declarative sentence or assertion that is true or false (but not both). Statements therefore
declare or assert the truth of something. Of course, the statements in Which we will be
primarily interested deal with mathematics. For example, the sentences

The integer 3 is odd.
The integer 57 is prime.

are statements (only the first of which is true).
Every statement has a truth value, namely true (denoted by T') or false (denoted
by F). We often use P, Q, and R to denote statements, or perhaps Py, P, ..., P, if
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