
Math 299 Lecture 22 and 23: Proof by induction

Principle of Mathematical Induction :

For each natural number n, let P (n) be a statement. We would like to demonstrate that
P (n) is true for all n ∈ N. To show that P (n) holds for all natural numbers n, it suffices
to establish the following:

I. Base case: Show that P (0) is true.
(If n ≥ a, then we should start from P (a).)

II. Induction step:

(i) Assume that P (k) holds for an arbitrary k ∈ N.
This step is the induction hypothesis.

(ii) Show that “P (k) is true” implies “P (k + 1) is also true” .

This is sometimes referred to as the domino effect. Once one of the dominoes topples
it causes the rest to topple as well.

P (0) =⇒ P (1), P (1) =⇒ P (2), P (2) =⇒ P (3), · · · P (k) =⇒ P (k+1), · · ·



Exercise 0.

Use induction to prove that

n∑
x=1

x2 =
n(n + 1)(2n + 1)

6
, ∀n ∈ N.

Here are some steps to get you started.

1. For each n ∈ N what is an appropriate choice for the statement P (n)?

2. To get a sense for what the problem says, write out P (n) for n = 1, 2, 3. Is it true in
these cases?

3. To prove that P (n) is true for all n, use induction. What is a base case? Is it true?

4. Clearly state what the inductive hypothesis is. Also state what it is that you need to
prove for the inductive step.

5. Prove the inductive step.

6. Explain briefly why the base case and the inductive step imply that P (n) is true for
all natural number n.



Exercise

1. Prove for all integer n ∈ N \ {0},

1× 1! + 2× 2! + · · ·n× n! = (n + 1)!− 1.

2. Let x1 = 1 and for each n ∈ N define xn+1 = 1
2xn + 1. Prove that xn ≤ 2 for every

n ∈ N.

3. Prove that n3 − n is divisible by 3 ∀n ∈ N.

4. Prove that n! ≥ n2 n ∈ N, n ≥ 4.

5.
∑n

x=1
1√
x
≤ 2
√
n.

6. (22n−1 + 1) is divisible by 3 ∀n ∈ N.

7. 12n − 5n is divisible by 7 ∀n ∈ N.

8. The sum of cubes of three consecutive natural numbers is divisible by 9.

9.
∑n

k=1
1

k(k+1) = 1− 1
n+1 .

10. Let a and b be real numbers. Then for the natural numbers n ≥ 2,

an − bn = (a− b)
(
an−1 + an−2b + an−3b2 + · · ·+ bn−1

)
11.

∑n
k

1
k2

< 2− 1
n for all integers n ≥ 2.

12. (Challenging) Let g(x) = e−1/x. For x > 0, n ≥ 0, the nth derivative of g is

g(n)(x) = P

(
1

x

)
e−1/x,

where P is a polynomial function.



Extra Credit.

Here is a false proof that all horses have the same color. Where is the error in reasoning?

I. Base case: One horse

The case with just one horse is trivial. If there is only one horse in the “group”, then
clearly all horses in that group have the same color.

II. Induction step:

Assume that n horses always are the same color. Let us consider a group consisting
of n+1 horses.

First, exclude the last horse and look only at the first n horses; all these are the same
color since n horses always are the same color.

Likewise, exclude the first horse and look only at the last n horses. These too, must
also be of the same color.

Therefore, the first horse in the group is of the same color as the horses in the middle,
who in turn are of the same color as the last horse. Hence the first horse, middle
horses, and last horse are all of the same color, and we have proven that:

If n horses have the same color, then n+1 horses will also have the same color.

III. Conclusion:

We already saw in the base case that the rule (”all horses have the same color”) was
valid for n=1.

The inductive step showed that since the rule is valid for n=1, it must also be valid
for n=2, which in turn implies that the rule is valid for n=3 and so on.

Thus in any group of horses, all horses must be the same color.


