Math 133 Reverse Trig Substitution Stewart §7.3

Reducing to standard trig forms. To find an indefinite integral [ f(z)dz, we trans-
form it by methods like Substitution and Integration by Parts until we reduce to an
integral we recognize from before, a “standard form”. In the previous section §7.2, we
were able to compute most integrals involving products of trig functions, so these are
now standard forms to work toward.

A common type of difficult integral involves forms like v/+z2 £+ 1. We convert such
forms into trigonometric integrals, which at first seems to complicate them. However, we
take careful advantage of the Pythagorean identities cos?(6) +sin?(#) = 1 and tan?(6) +
1 = sec?(#), so that the resulting trig formulas simplify to do-able integrals.

Our first example is [v/1 — 22 dz, which computes area under a unit semi-circle. This
seems simple enough, but no obvious substitution or integration by parts will simplify it.
The expression v/1 — 22 reminds us of the identity 1/1 — sin?() = cos(#), so imagine our
integral was obtained from a more complicated one after a trig substitution x = sin(6):
the current variable z is actually a function of a previous variable 6, and dx = cos(6) d6.
The previous integral would be:

. x = sin(0)
/\/ l—z2dz = /\/ 1—sin?(f) - cos(0) df, where {

dx = cos(6) db.

Now this simplifies to a standard form from §7.2:
/ 1—sin?(0) - cos(h) df = /0082(9) df = 360+ Isin(20) = 36+ Ssin(0)cos(0).

Substituting back the original variable: 6 = arcsin(z), sin(f) = x, cos(f) = vV 1—z2:*

/\/ 1—22dzr = jarcsin(z) + szv/1—22.

Let’s check the area of the unit circle, i.e. twice the total area under y = v/1—a2:
1 r=1
2/\/ 1—22dx = [arcsin(:r) + v l—xﬂ L= arcsin(1) — arcsin(—1) = .
-1 r=—

Integrals with \/+z2+a2. We choose a reverse trig substitution depending on the
signs in the expression, then use the corresponding Pythagorean identity to obtain a
standard trig form. See also the table of integrals further below.

Va?—x? | z = asin(f) dx = acos(6) db a?2—a?sin?(A) = acos(f)
va+z? | = atan(f) dx = asec?(6) df a?+a?tan?(0) = asec(d)

va?—a? | x =asec(d) | dx = atan(f)sec(d)dd a?sec?(f)—a? = atan(6)
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*See §6.6 for inverse trig functions like arcsin = sin ™!, and their derivatives.



EXAMPLE: fﬁ dx. Let x = 2sin(f), dx = 2 cos(0) df, \/4—(2sin(h))? = 2 cos(0)

1 1
i dx /2 cos(0) cos(0) db 0 sin” " (5x)

We could do this more directly by manipulating the integrand to the known derivative
of arcsin(z) by the substitution u = %x:

= N/ Ao = [
EXAMPLE: |-

ﬁ dr = f\/ﬁ dz. Let 3z = 2tan(0), do = %8602(9) do,

V922+4 = \/(32)2 + 22 = \/(2tan(0))2 + 22 = 2 /tan?(0) + 1 = 2sec(f)

/m /2 - /sec(ﬂ) do

= +1In|tan(d) + sec(d)| = %ln‘%x+%\/9m2+4‘.

dx = du = sin"'(u) = sin"'(z).

o=

- 2 sec 2(0)do =

Wl

Alternatively, we could use hyperbolic functions (§6.7), satisfying cosh?(t) = sinh?(t)+1.
Thus z = Zsinh(t), dz = 2 cosh(t) dt and V922 + 4 = 2y /sinh?(t) + 1 = 2cosh(t) gives:

1 1
————dz = [ ————=%cosh(t)dt = 3t
/\/9m2+4 v /2005h(t)3cos ®) 3
= fsinh'(3z) = iIn ( x+ 4x2+1>

A third method is to substitute u = %x to get % /

\/u;ﬁ du = %sinh_l(u) = %sinh_l(%x).

EXAMPLE: fi”“"i;% dx; = = 5sec(d), dz = 5tan(f) sec(d) db, \/(5sec(h))?—25 = 5 tan(f

[ = [

-5tan(f) sec()dd = 5 / tan®(6) df

N 5/8%2(9)_1 df = 5tan(f) —50 = /a2-25—5sec” ' (1z).

Rewriting sec ™! (u) = tan™'v/u2—1 as in §6.6, this becomes: v2%2—25 — 5 tan~' (+v22—25).

EXAMPLE: f dr; x = 2sec(f), dr = 2tan(6) sec(f) do, ((2sec(d))?—4 )% 8 tan3(6):

2 43/2

/(m2—14)3/2 dr = /Starlf‘(@) - 2tan(f)sec(f) df = i/sinz(G) cos(#) do

51’ X

1 -1
= —gsin(d)” = — :
(%33)2—1 4vz?2—4

Or: = = 2cosh(t), 22—4 = 4sinh?(t) produces § [ csch®(t) dt = —1 coth(t) = —f;sn}ifft)).



EXAMPLE: [V22 — 1dz; 2 = cosh(t), do = sinh(t) dt, 22—1 = cosh?(t)—1 = sinh?(¢):

V22— ldz = cosh?(t)—1 sinh(t) dt
/ /v

= /sinh2(t) dt = 1% cosh(t)sinh(t) — 3t
= 12va? —1-Llcosh'(z),
= 1zv22—1-1ln(z+ V22 -1),
using the formulas for [sinh?(t)dt and cosh™!(z) from §6.7.
EXAMPLE: [V1 — 22 dz; o = tanh(t), dz = sech?(t) dt, 1—z? = 1— tanh?(t) = sech?(¢):
1
/\/ 1—22dx = /sechg(t) dt = 3 <tanh(t) sech(t) + /sech(t) dt)
= Lltanh(t)sech(t) +tan"'(e") = 1zv/1-22+tan™!|/ L,

via §6.7, 7.2. This simplifies to the previous [v1-22dz = lzv1-22+ % sin~!H(z)+ 3.

. 1 . . . _
EXAMPLE: |5 dx. It will not help to complete the square and do a linear substitu

tion u = ax + b, since the denominator will still contain the factor z = fu — b. Rather
write 22+ = x2(1 + %) and do a linear fractional substitution u =1+, du = —— d:p

1 1 1
/x\/:n2+x 22, /141 \/ﬂ “HWu =

EXAMPLE: f Nﬁ dx. Using the strategy of the previous example, we rewrite as a

quadratic in % and complete the square in terms of u = 7 + b:
337 -22—1 = 2?(3-2- 1)

= 22(3+12-12-2(1)L - 4

- (- (HP) = 42 (1= (D).

-1 41 = _ 1 S,
Then v = 5 + 3, du = — 55 dx gives:

1 1 -1
/x\/3x2—2:1:—1 222 . /1 — (%4_%)2 V1—u?
X
EXAMPLE: |, [ =55 dx. It turns out best to substitute u = Vr—1, z = u?+1, do = 2udu:

/Mgildx = / uz—Fl 2udu = /2\/u2+1du = uv/u2+1 +sinh ™! (u)
= az(z—1)+sinh 'Wz—1 = Va(z—1) +In(vz + Vz—1)

—sin"Yu) = —sin (L



T = 2%,

but sneaky substitution gives a surprise equivalent answer: z =/,
2 . -1 o -1
dz = 2sinh™'(2) = 2sinh™ V.

1 1
—dr = |[——2z2dz = [———
/\/x2+ac /\/z4+z2 / 2241

EXAMPLE: [ sec3(z) dx. We did this notorious example in §7.2 via integration by parts,
but double trig-hyperbolic substitution also works. We have sec(z) = +/1+ tan?(z),

EXAMPLE: fﬁ dx. In §6.7, completing the square gave cosh™1(22+41) = In(224+1+2v22+x),
2 dx =2zdz;

which is similar to the hyperbolic identity cosh(t) = 1/1+ sinh?(¢). Thus, we substitute

sec?(z) dz = cosh(t) dt,

tan(z) = sinh(t),

/sec3(a:) de = /y/l—l—tanz(:r) sec?(x) dr = /\/1+Sinh2(t) cosh(t) dt
/ (3 cosh(2t)+3) dt = ]sinh(2t) + 5t

1 tan(z) sec(z) + 3 sinh ™ (tan(z)).

= / cosh?(t) dt =

= Lsinh(t)cosh(t) + it =

Then sinh ™! (z) = In(z + v/1+22) recovers the previous answer:
/sec?’(x) dr = 3tan(z)sec(z) + 3 In(tan(z)+ sec(z)).

Table of integrals which produce inverse trig and hyperbolic functions (omitting +C')
/1 dr = sin~!(z) = T—cos () /1 dr = cosh™}(z) = In(z4+v/22 —1)
V1—2x2 2 Va2 -1
1+ 22)

/ ! dr = sinh™!(z) = In(z +

W
= —sech™!(z) = In(z) — In(1+v/1—22)

1 1
——dx = sec Nz) = tan " WWa2—1"T / de =
/:m/a:?—l (=) vV 1-22

= —csch™l(z) = In(z) —In(1 + V1 + 22)

1
——dx =
/:c\/1+:c2

1 1
/1+x2 dz = tan=(z) /1 — 2l = tanh ™' (z) = In(1+2)— 3In(l — )

/\/1—:c2dm = f2v/1—22+ 1sin7!(2) /\/$2—1d$ = t2v/22 —1—1cosh™!(x)

/\/ZL‘2—|—1dl‘ = sxva2 4+ 1+ Lsinh ' (2)

TEquality holds for & > 1; for © < —1, see end of §6.6.




