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ABSTRACT

K-RATIONAL PREPERIODIC POINTS AND HYPERSURFACES ON
PROJECTIVE SPACE.

By
Sebastian Ignacio Troncoso Naranjo

The present thesis has two main parts. In the first one, we study bounds for the number
of rational preperiodic points of an endomorphism of P1. Let K be a number field and ¢ be
an endomorphism of P! over K of degree d > 2. Let S be the set of places of bad reduction
for ¢ (including the archimedean places). Let Per(¢, K), PrePer(¢, K), and Tail(¢, K) be
the set of K-rational periodic, preperiodic, and purely preperiodic points of ¢, respectively.

If we assume that |Per(¢, K)| > 4 (resp. |Tail(¢, K)| > 3), we prove bounds for
| Tail(¢, K)| (resp. | Per(¢, K)|) that depend only on the number of places of bad reduc-
tion |S| (and not on the degree d). We show that the hypotheses of this result are sharp,
giving counterexamples to any possible result of this form when |Per(¢, K)| < 4 (resp.
| Tail(¢, K')| < 3). The key tool involved in these results is a bound for the number of
solutions of S-unit equations.

Using bounds for the number of solutions of the celebrated Thue-Mahler equation, we
obtain bounds for | Per(¢, K)| and | Tail(¢, K)| in terms of the number of places of bad
reduction |S| and the degree d of the rational function ¢. Bounds obtained in this way are
a significant improvement to previous result given by J. Canci and L. Paladino.

In the second part of the thesis, we study the set of K-rational purely preperiodic hy-
persurfaces of P™ of a given degree for an endomorphism of P™. Let ¢ be an endomorphism

of P over K, S be the set of places of bad reduction for ¢ and HTail(¢, K, e) be the set of



K-rational purely preperiodic hypersurfaces of P" of degree e.

We give a strong arithmetic relation between K-rational purely preperiodic hypersurfaces
and K-rational periodic points. If we consider N = (etn) — 1 and assume that ¢ has at
least 2N + 1 K-rational periodic points such that no N + 1 of them lie in a hypersurface of
degree e then we give an effective bound on a large subset of HTail(¢, K, e) depending on e

and the number of places of bad reduction |S|. Finally, we prove that the set HTail(¢, K, e)

is finite if we assume that ¢ is an endomorphism of P2.
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Chapter 1

Introduction

Let S be a set and ¢: S — S a function mapping the set S to itself. A (discrete) dynamical
system is a pair consisting of the set S and the function ¢. We denote by ¢" the nth iterate
of ¢ under composition and by ¢° the identity map. The orbit of P € S under ¢ is the set
Oy(P) = {¢"(P) : n > 0}.

The set § could be simply a set with no additional structure but most frequently we
study dynamics when the set S has some additional structure. In arithmetic dynamics we
are interested when the set S is an arithmetic set such as Z, QQ, number fields K, quasi-
projective variety, K-rational points, etc. and the function ¢ is a polynomial, a rational
map, an endomorphism, etc. In this arithmetic context the Principal Goal of Dynamics
is to classify the points P in S according to the behavior of their orbits Oy(P) when S is an
arithmetic set.

Let K be a number field. Our study in arithmetic dynamics will be when S is PV (K)
and ¢ an endomorphism of PV of degree d > 2. A point P € PN (K) is called periodic under
¢ if there is an integer n > 0 such that ¢""(P) = P. It is called preperiodic under ¢ if there is
an integer m > 0 such that ¢""(P) is periodic. A point that is preperiodic but not periodic
is called a tail point. Let Tail(¢, K), Per(¢, K) and PrePer(¢, K) be the sets of K-rational
tail, periodic and preperiodic points of ¢, respectively.

A first objective of this thesis is to study the cardinality of the sets Tail(¢, K), Per(¢, K)



and PrePer(¢, K). We start by asking

e [s the set of K-rational preperiodic points finite or infinite?.

o [f finite, can we give an effective bound?.

Northcott [Nor50] proved in 1950 that the total number of K-rational preperiodic points
of ¢ is finite. In fact, from Northcott’s proof, an explicit bound can be found in terms of the
coefficients of ¢, the number field K and the dimension N.

Even when Northcott answered both questions, a bound for PrePer(¢, K) in terms of
only a few basic parameters is desired. In 1994, Morton and Silverman [MS94] conjectured
the celebrated Uniform Boundedness Conjecture (UBC) which predicts the existence of such

a bound depending only on d, the dimension of the projective space and the degree of K.

Conjecture 1.0.1 (Uniform Boundedness Conjecture).
Let K be a number field with [K : Q] = D, and let ¢ be an endomorphism of PN, defined
over K. Let d > 2 be the degree of ¢. Then there is C' = C(D, N,d) such that ¢ has at most

C' preperiodic points in IP’N(K).

This conjecture is an extremely strong uniformity conjecture. For example, the UBC on
maps of degree 4 on P! defined over Q implies Mazur’s theorem that the torsion subgroup of
an elliptic curve E/Q is bounded independently of E. More generally, the UBC for maps of
degree 4 on P! defined over K implies Merel’s theorem that the size of the torsion subgroup
of an elliptic curve over a number field K is bounded only in terms of the degree of [K : Q.
The conjecture can also be applied to Lattes maps and abelian varieties, for more detail see
[Fak01], [Maz77] and [Mer96].

Poonen [Poo98| later stated a sharper version of the conjecture for the special case of

quadratic polynomials over Q. Since every such quadratic polynomial map is conjugate to
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a polynomial of the form .(z) = 22 + ¢ with ¢ € Q we can state Poonen’s conjecture as

follows:

Conjecture 1.0.2 (Poonen’s conjecture).

Let e € Q2] be a polynomial of degree 2 of the form e(z) = 2° 4+ ¢ with ¢ € Q. Then

| PrePer(¢¢, Q)] < 9.

Even though Poonen’s Conjecture is arguably the simplest case of the UBC, a proof
of Poonen’s Conjecture seems to be very far off at this time. If we consider polynomials
of the form v¥¢(z) = 22 + ¢ with ¢ € Q, B. Hutz and P. Ingram [HI13] have shown that
Poonen’s conjecture holds when the numerator and denominator of ¢ don’t exceed 108. For
more information on quadratic rational functions see [BCH™14], [Can10], [FHIT09], [Man07],
IMNOG], [Poo9g].

Even though the UBC or Poonen’s conjecture are impossible to prove at the moment, if
we allow the bound from the UBC to depend on one more parameter, then effective results
can be given in the case of PL.

In the first half of the thesis we work in the case N = 1, so from now we assume that ¢
is an endomorphism of PL. Let S be the set of places of K at which ¢ has bad reduction,
including all archimedean places of K. The nonarchimedean places of bad reduction are
those in which the degree of the reduction of ¢ in the residue field decreases. In other words,
a place is said to be a place of good reduction if ¢ has a good behavior in the residue field
associated with the place. Then the extra parameter needed to give effective results is the
cardinality of S.

The first main result of this thesis [[Tro], Corollary 1.3.] gives a bound for | PrePer(¢, K)|



in terms of the number of places of bad reduction |S| and the degree of the rational function
¢. This bound significantly improves a previous bound given by J. Canci and L. Paladino
[CP16].

In the second result, assuming that | Tail(¢, K)| > 3 (resp. | Per(¢, K)| > 4 ), we prove
bounds for | Per(¢, K)| (resp. |Tail(¢, K)| ) that depend only on the number of places of
bad reduction |S| and [K : Q] (and not on the degree of ¢). We show that the hypotheses
of this result are sharp. 7?7 and ?? give counterexamples to any possible result of this form
when |Tail(¢, K)| < 3 (resp. | Per(¢, K)| < 4).

Theorem 1.0.3. Let K be a number field and S a finite set of places of K containing all the
archimedean ones. Let ¢ be an endomorphism of Pl defined over K, and d > 2 the degree

of ¢. Assume ¢ has good reduction outside S.

(a) If there are at least three K -rational tail points of ¢ then

| Per(¢, K)| < 216151 4 3,

(b) If there are at least four K-rational periodic points of ¢ then

| Tail(¢, K)| < 4(216151),

Using the previous theorem, we can deduce a bound for | PrePer(¢, K)| in terms of |S|

and the degree of ¢ for any endomorphism of PL.

Corollary 1.0.4. Let K be a number field and S a finite set of places of K containing all
the archimedean ones. Let ¢ be an endomorphism of Pl defined over K, and d > 2 the

degree of ¢. Assume ¢ has good reduction outside S. Then
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(a) | Per(¢, )| < 2161818 4 3,
(b) | Tail(6, K)| < 4(2!61514%),
(¢) | PrePer(, K)| < 5(216151d%) 4 3,

These bounds depend, ultimately, on a reduction to S-unit equations. Using a reduction
to Thue-Mahler equations instead, we obtain a better bound for | Tail(¢, K)| in terms of |S]

and d.

Theorem 1.0.5. Let K be a number field and S a finite set of places of K containing all the
archimedean ones. Let ¢ be an endomorphism of P1, defined over K, and d > 2 the degree

of ¢. Assume ¢ has good reduction outside S. Then
| Tail(¢, K)| < dmax {(5 -100(d3 4 1))181+4, 4(264(|5|+3>)} ,

To get a similar bound for |Per(¢, K)| we need to assume that ¢ has at least one K-
rational tail point. Under this assumption, using Theorem [1.0.3| and results about Thue-

Mahler equations, we can get:

Theorem 1.0.6. Let K be a number field and S a finite set of places of K containing all the
archimedean ones. Let ¢ be an endomorphism of P1, defined over K, and d > 2 the degree

of ¢. Assume ¢ has good reduction outside S. If ¢ has at least one K -rational tail point then
| Per(¢, K)| < max {(5 -10%(d — 1))1SH3, 4(2128(ISI+2))} s

While the work described so far was being carried out, Canci and Vishkautsan [CV]

proved a bound for | Per(¢, K)|, just assuming that ¢ has good reduction outside S. Their
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bound on | Per(¢, K)| is roughly of the order of d210/51 4 22187I5] where d > 2 is the degree
of ¢.

Now let’s go through previous bounds for | PrePer(¢, K')| which are relevant for our work.
In 2007, Canci [Can07] proved for rational functions with good reduction outside S that the

length of finite orbits is bounded by:

1012 8 8 151
e (|S]+1)"(log(5(|S] +1))) : (1.1)

Note that this bound depends only on the cardinality of S.
In Canci’s recent work (2014) with Paladino [CP16] a sharper bound for the length of

finite orbits was found:
max {(216|5|—8 +3) [12] 5] 10g(5|SIEQ  [12(]S] + 2) log(5|S]| + 5)]4[1“@]} . (.2

In our work we are interested in the number of K-rational tail points and K-rational
periodic points, | Tail(¢, K)| and | Per(¢, K)| respectively.

The bounds mentioned in and can be used to deduce bounds on | PrePer (¢, K)].
For instance, if we assume that every finite orbit has cardinality given by and using that
every point could have at most d preimages under ¢ we obtain a bound for | PrePer(¢, K)|
that is roughly of the order of d(I5]1og 518151 where d > 2 is the degree of ¢. Similarly, the
bound deduced from 1’ is roughly of the order of d216|S|(|S |log(|S |)[K:Q], where d > 2 is
the degree of ¢. These bounds are polynomial in the degree of ¢, however they will be rather
large in terms of |S].

In 2007, Benedetto [Ben(7] proved for the case of polynomial maps of degree d > 2 that



| PrePer(¢, K)| is bounded by O(]S|log |S]), where S is the set of places of K at which ¢ has
bad reduction, including all archimedean places of K. The big-O is essentially Cﬂl_ofg‘é” for
large |S].

Results in positive characteristic have also been found. For instance, in 2007 Ghioca
|[Ghi07] proved a bound for the number of torsion points of a Drinfeld module. In this case,
torsion points are preperiodic points under the action of an additive polynomial of degree
larger than one.

Another result in characteristic different from 0 is the work of Canci and Paladino [CP16]
which gives a bound for the length of finite orbits under an endomorphism of PL.

The second part of this thesis provides quantitative and finiteness results for the set
of K-rational tail curves of degree e for a given endomorphism of P2. Compared to the
1-dimensional case, a primary difficulty in proving higher-dimensional results comes from
the limited availability of arithmetic tools in higher dimensions. Indeed, arithmetic tools
used frequently in the one-dimensional setting include Siegel’s theorem, Faltings’ theorem,
and Roth’s theorem. Higher-dimensional conjectural generalizations of these results remain
largely open, even for surfaces (e.g., Bombieri-Lang conjecture, Vojta’s conjecture). A sec-
ondary difficulty comes from the more complicated geometry possible in higher dimensions.
For instance, general position conditions (which appear, for example, in Vojta’s conjecture)
are rather trivial and uninteresting on curves. For these reasons, any progress towards the
UBC in higher dimensions is highly valuable.

Even though the UBC in PV is very hard there are some results on the literature. For
instance, Hutz [Hut15] provides an algorithm to find Q-rational preperiodic points for endo-
morphisms of P". His techniques may be used to find a bound for the cardinality of the set

of Q-rational periodic points, depending on the smallest prime of good reduction.



Another important study in dimension bigger than one is the papers by J. Bell, D. Ghioca,
and T. Tucker [BGT15], [BGTI16]. In these papers we can find an example of infinitely
many fixed curves for an endomorphism of P2. Indeed if f is a homogeneous two-variable
polynomial of degree n, then the morphism P2 — P2 given by [z : y : 2] = [f(z, 2) : f(y, 2) :
2"] has infinitely many f-invariant curves of the form [xz”k_l . fk (x,2): z"k], where f* is
the homogenized kth iterate of the dehomogenized one-variable polynomial x — f(x,1).

Motivated by the example of J. Bell, D. Ghioca, and T. Tucker and the Silverman-
Morton Conjecture I study the set of K-rational preperiodic hypersurfaces of PV under an
endomorphism of PN Let ¢ be an endomorphism of PN , defined over K, of degree d and H
an irreducible K-rational hypersurface of PV of degree e. We say that H is periodic under
¢ if there is an integer n > 0 such that ¢"(H) = H. It is called preperiodic under ¢ if there
is an integer m > 0 such that ¢"*(H) is periodic. If H is preperiodic but not periodic it
is called a tail hypersurface. Let HTail(¢, K, e), HPer(¢, K, e) and HPrePer(¢, K, e) be the
sets of K-rational tail, periodic and preperiodic hypersurfaces of degree e of ¢, respectively.

It is important to notice that the degree of the preperiodic hypersurface will be involved
in our study. This new parameter does not come up for points because the degree of a
(geometric) point is always 1. However, this extra parameter is a natural condition because
similar examples to the one given by J. Bell, D. Ghioca, and T. Tucker could be given
if we consider subschemes in place of subvarieties. For instance, if instead of subvarieties
we consider more generally integral closed K-subschemes, then a curve does have infinitely
many periodic K-integral closed subschemes, because we can just take K-components of
the subscheme of periodic points of period n. However, if we bound the degree of the K-
subschemes, then once again we get finiteness by Northcott’s theorem.

The main idea of my results on P! [Tro] lies in an arithmetic relation between K-rational



tail points and K-rational periodic points. Using a generalization of the p-adic logarithmic
distance in IP’I, I was able to generalize the relation between K-rational tail points and K-
rational periodic points to a relation between K-rational tail hypersurfaces and K-rational

periodic points.

Theorem 1.0.7. Let ¢ be an endomorphism of P", defined over K. Suppose ¢ has good
reduction outside S. Let H be a K-rational tail hypersurface, m the period of the periodic
part of the orbit of H and H' the periodic hypersurface such that H' = ¢"™0™(H) for some
mg > 0. Let P € P"(K) be any periodic point such that P & supp{H'}. Then 6,(P; H) =0

for everyv ¢ S.
In |[GTZ11] Bell, Ghioca and Tucker also propose the following question

Question: Is there a constant C = C(N, K, d) such that for any periodic K-rational

subvariety V of PNV, we have Perg (V) < C'?

Using the previous arithmetic relation together with a result from Ru and Wong [RW91]
we give a result that implies a partial answer to the previous question for curves on the
projective plane. In fact, we provide a bound for the number of K-rational tail hypersurfaces

of degree e in the backwards orbit of a given periodic K-rational hypersurface of P".

Theorem 1.0.8. Let ¢ be an endomorphism of P", defined over K and suppose ¢ has good
reduction outside S. Consider N = (e—gn) —1 and let {Pz}givfrl be a set of K -rational periodic
points of P such that no N + 1 of them lie in a curve of degree e. Consider B = {H' €
HPer(¢, K): V1 <i<2N +1, P; ¢ supp H'} and A= {q € HTail(¢, K, e): there is H' €
B andl >0, ¢lnq (q) = H'  where ng is the period of the periodic part of q}. Then

3 S
‘A| < (233 . (QN N 1)2) (N+1)2(s+2N+1)

9



In 2016 B. Hutz [Hutl6] proved that the set of K-rational preperiodic subvarieties of
P™ is finite. His proof is based on the theory of canonical height functions. In the special
case of K-rational preperiodic curves of P2 we were able to give an alternative proof than
the one given by Hutz. This alternative proof is based in a strong result of dynamical
systems ([Fak03], Corollary 5.2) which states that if ¢ is an endomorphism of P” then the

set Per(¢, K) for an endomorphism ¢ is Zariski dense in P".

Theorem 1.0.9. Let K be a number field and ¢ be an endomorphism of P2, defined over

K. Then for every e € N the set HTail(¢, K, e) is finite.

We end this introduction with a brief outline of the rest of the thesis. 77 introduces
some classical notations and definitions from arithmetic dynamics, arithmetic geometry and
number theory. We also prove some propositions needed for the main theorems of this
manuscript.

?? presents the proof of our results on P'. This chapter has three sections: the first
section gives all the propositions and lemmas needed for the next two sections, the second
section uses S-unit equations to get bounds for the set of K-rational preperiodic points
and the third section uses Thue-Mahler equations to gives different bounds for the set of
K-rational preperiodic points.

Finally, ?? presents definitions and results on PY. This chapter has four sections: the
first one gives definitions and propositions on PN, The second section give effective results
for a large subset of the set of K-rational tail hypersurfaces of PN of a given degree. The
third section prove finiteness of the set of K-rational tail curves of degree e of P2. The last

section gives examples of K-rational tail and periodic hypersurfaces of PN,

10
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