BOUNDS FOR PREPERIODIC POINTS FOR MAPS WITH GOOD REDUCTION

SEBASTIAN TRONCOSO

ABSTRACT. Let K be a number field and let ¢ in K(z) be a rational function of degree d > 2. Let S be the
set of places of bad reduction for ¢ (including the archimedean places). Let Per(¢, K), PrePer(¢, K), and
Tail(¢, K) be the set of K-rational periodic, preperiodic, and purely preperiodic points of ¢, respectively.
The present paper presents two main results. The first result is a bound for | PrePer(¢, K)| in terms of the
number of places of bad reduction |S| and the degree d of the rational function ¢. This bound significantly
improves a previous bound given by J. Canci and L. Paladino. For the second result, assuming that
| Per(¢, K)| > 4 (resp. | Tail(¢, K)| > 3), we prove bounds for | Tail(¢, K)| (resp. | Per(¢, K)|) that depend
only on the number of places of bad reduction |S| (and not on the degree d). We show that the hypotheses
of this result are sharp, giving counterexamples to any possible result of this form when | Per(¢, K)| < 4
(resp. | Tail(¢, K)| < 3).

1. INTRODUCTION

Let K be a number field and let ¢ € K(z) be a rational function. Let ¢™ denote the n'” iterate of ¢ under
composition and ¢° the identity map. The orbit of P € P!(K) under ¢ is the set Oy(P) = {¢™(P) : n > 0}.
A point P € P}(K) is called periodic under ¢ if there is an integer n > 0 such that ¢"(P) = P. It is called
preperiodic under ¢ if there is an integer m > 0 such that ¢™(P) is periodic. A point that is preperiodic
but not periodic is called a tail point. Let Tail(¢, K), Per(¢, K) and PrePer(¢, K) be the sets of K-rational
tail, periodic and preperiodic points of ¢, respectively.

For any morphism ¢ : PV — PV of degree d > 2, Northcott [15] proved in 1950 that the total number of
K-rational preperiodic points of ¢ is finite. In fact, from Northcott’s proof, an explicit bound can be found
in terms of the coefficients of ¢. In 1994, Morton and Silverman [13] conjectured that | PrePer(¢, K)| can be
bounded in terms of only a few basic parameters.

Conjecture 1.1 (Uniform Boundedness Conjecture).
Let K be a number field with [K : Q] = D, and let ¢ be an endomorphism of PV, defined over K. Let d > 2
be the degree of ¢. Then there is C = C(D, N,d) such that ¢ has at most C preperiodic points in PN (K).

The conjecture seems extremely difficult to prove even in the simpler case when (K, N,d) = (Q,1,2).
Further, in this case, explicit conjectures have been formulated. For instance, Poonen [16] conjectured an
explicit bound when ¢ is a quadratic polynomial map over Q. Since every such quadratic polynomial map is
conjugate to a polynomial of the form ¢.(2) = 22 + ¢ with ¢ € Q we can state Poonen’s conjecture as follows:
Let ¢. € Q[z] be a polynomial of degree 2 of the form ¢.(z) = 22 + ¢ with ¢ € Q. Then | PrePer(¢., Q)| < 9.
B. Hutz and P. Ingram [11] have shown that Poonen’s conjecture holds when the numerator and denominator
of ¢ don’t exceed 108.

This work has two main contributions. The first result gives a bound for | PrePer(¢, K)| in terms of the
number of places of bad reduction |S| and the degree d of the rational function ¢. This bound significantly
improves a previous bound given by J. Canci and L. Paladino [7].

In the second result, assuming that |Per(¢, K)| > 4 (resp. |Tail(¢, K)| > 3), we prove bounds for
| Tail(¢, K)| (resp. | Per(¢, K)|) that depend only on the number of places of bad reduction |S| and [K : Q]
(and not on the degree d). We show that the hypotheses of this result are sharp, Example 5.2 and Example 5.1
give counterexamples to any possible result of this form when |Per(¢, K)| < 4 (resp. | Tail(¢, K)| < 3).

Theorem 1.2. Let K be a number field and S a finite set of places of K containing all the archimedean
ones. Let ¢ be an endomorphism of P, defined over K, and d > 2 the degree of ¢. Assume ¢ has good
reduction outside S.

Key words and phrases. preperiodic point, periodic point, good reduction, uniform boundedness.
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(a) If there are at least three K -rational tail points of ¢ then
| Per(¢, K)| < 216151 4 3.
(b) If there are at least four K -rational periodic points of ¢ then
| Tail(¢, K)| < 4(2'9191).

Using the previous theorem, we can deduce a bound for PrePer(¢, K) in terms of |S| and the degree of ¢
for any endomorphism of P!.

Corollary 1.3. Let K be a number field and S a finite set of places of K containing all the archimedean
ones. Let ¢ be an endomorphism of P, defined over K, and d > 2 the degree of ¢. Assume ¢ has good
reduction outside S. Then

(a) |Per(g, K)| < 216I519° 1 3,

(b) | Tail(g, K)| < 4(2'61514%),

(c) |PrePer(¢, K)| < 5(2161514%) 4 3,

These bounds depend, ultimately, on a reduction to S-unit equations. Using a reduction to Thue-Mahler
equations instead, we obtain a better bound for | Tail(¢, K)| in terms of |S| and d.

Theorem 1.4. Let K be a number field and S a finite set of places of K containing all the archimedean
ones. Let ¢ be an endomorphism of P, defined over K, and d > 2 the degree of ¢. Assume ¢ has good
reduction outside S. Then

| Tail(¢, K)| < dmax {(5 -10%(d® + 1))'S‘+4,4(264<|5\+3>)} ,

To get a similar bound for | Per(¢, K)| we need to assume that ¢ has at least one K-rational tail point.
Under this assumption, using Theorem 1.2 and results about Thue-Mahler equation, we can get:

Theorem 1.5. Let K be a number field and S a finite set of places of K containing all the archimedean
ones. Let ¢ be an endomorphism of P, defined over K, and d > 2 the degree of ¢. Assume ¢ has good
reduction outside S. If ¢ has at least one K -rational tail point then

| Per(¢, K)| < max {(5 -105(d — 1))\5’\+374(2128(|S|+2))} ey

While the work described in this paper was being carried out, Canci and Vishkautsan [8] proved a bound
for | Per(¢, K)|, just assuming that ¢ has good reduction outside S. Their bound on |Per(¢, K)| is roughly
of the order of d2'6I5I 4 22187IS| where d > 2 is the degree of ¢.

Let’s recall previous bounds for | PrePer(¢, K)| which are relevant for our work. In 2007, Canci [5] proved
for rational functions with good reduction outside S that the length of finite orbits is bounded by:

) [ 151+ 1) (log(3(15] + 1)*] .

Note that this bound depends only on the cardinality of S.
In Canci’s recent work (2014) with Paladino [7] a sharper bound for the length of finite orbits was found:

(2) max {(216|S|—8 +3) [12[8] log(5]S)] Y [12(|S| + 2) log (5] S| + 5)}4[1“@1} .

In our work we are interested in the number of K-rational tail points and K-rational periodic points,
| Tail(¢, K)| and | Per(¢, K)| respectively.

The bounds mentioned in (1) and (2) can be used to deduce bounds on |PrePer(¢, K)|. For instance, if
we assume that every finite orbit has cardinality given by (1) and using that every point could have at most
d preimages under ¢ we obtain a bound for | PrePer(¢, K)| that is roughly of the order of dSI" /108 1S| where
d > 2 is the degree of ¢. Similarly, the bound deduced from (2) is roughly of the order of a2'as| log(‘SD[K:m,
where d > 2 is the degree of ¢. These bounds are polynomial in the degree of ¢, however they will be rather
large in terms of |S].

In 2007, Benedetto [2] proved for the case of polynomial maps of degree d > 2 that | PrePer(¢, K)| is
bounded by O(|S|log|S]) , where S is the set of places of K at which ¢ has bad reduction, including all
archimedean places of K. The big-O is essentially ‘121_072‘?'2 for large |S|. Many other results have been
proven in recent years [3], [6] , [12], [16].
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Results in positive characteristic have also been found. For instance, in 2007 Ghioca [10] proved a bound
for the number of torsion points of a Drinfeld module. In this case, torsion points are preperiodic points
under the action of an additive polynomial of degree larger than one.

Another result in characteristic different from 0 is the work of Canci and Paladino [7] which gives a bound
for the length of finite orbits under an endomorphism of P'.

We end this introduction with a brief outline of the rest of the paper. Section 2 introduces some classical
notation and definitions from arithmetic dynamics along with some propositions needed for the main theo-
rems of the paper. In particular, Corollary 2.23 will play a crucial role in almost every proof. The corollary
states that the p-adic logarithmic distance between a K-rational tail point and a K-rational periodic point
is 0 up to a few exceptions.

Section 3 presents the proof for Theorem 1.2 and Corollary 1.3 using Corollary 2.23 together with the
S-unit theorem.

Section 4 presents an improvement in the bound found in Corollary 1.3 for | Tail(¢, K)|. This new bound
is polynomial in the degree of ¢ and exponential in the cardinality of S. The main idea for obtaining this
new bound is to substitute the arguments involving S-unit equations with arguments involving Thue-Mahler
equations. This appears to give the best known general bound for the cardinality of | Tail(¢, K)|. In this
section we also provide a new bound for | Per(¢, K)| with a small hypothesis on ¢.

Finally, Section 5 presents two examples related to our results. Specifically, we give an example to show
that a bound of | Tail(¢, K)| must depend on the degree of ¢ when ¢ has three or fewer K-rational periodic
points. Similarly, the bound of |Per(¢, K)| must depend on the degree of ¢ when ¢ has two or fewer
K-rational tail points.
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2. PRELIMINARIES
2.1. Notation and definitions.

Notation 2.1. In the present article we will use the following notation:
K a number field;
K an algebraic closure of K ;
R the ring of integers of K;
p a non-zero prime ideal of R;
vp the p-adic valuation on K corresponding to the prime ideal p (we always assume
vp to be normalized so that vy (K*) =7);
If the context is clear, we will also use vy, (I) for the p-adic valuation of a fractional ideal I of K ;
S a fized finite set of places of K including all archimedean places;
|S| = s the cardinality of S;
Rg ={xz € K :vy(x) > 0 for every prime ideal p ¢ S} the ring of S-integers;
t={zx € K :vp(x) =0 for every prime ideal p ¢ S} the group of S-units;
Per(¢, K) the set of K-rational periodic points;
Tail(¢, K) the set of K-rational tail points;
PrePer(¢, K) the set of K-rational preperiodic points.

We begin by recalling the definition of the p-adic logarithmic distance between two points in P*.

Definition 2.2. Let P; = [z : y1] and Py = [x5 : y2] be points in P*(K). We will denote by

Op(P1, P2) = vy (21y2 — w2y1) — min{vy (21), vy (Y1)} — min{vp(z2), vp(y2)}
the p-adic logarithmic distance between the points Py and Ps.
Note that 6,(P;, P») is independent of the choice of homogeneous coordinates. We use the convention

that v, (0) = co. Properties of the p-adic logarithmic distance can be found in [14] and [18]. The following
definition introduces the idea of normalized forms with respect to p.
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Definition 2.3. (1) We say that P = [z : y] € P*(K) is in normalized form with respect to p if
min{v, (z),vp(y)} = 0.
(2) Let ¢ be an endomorphism of P, defined over K. Assume ¢ is given by
¢=[F(X,Y): G(X,Y)]

where F,G € K[X,Y] are homogeneous polynomials with no common factors. We say that the
pair (F,G) is normalized with respect to p or that ¢ is in normalized form with respect to p if
F,G € Ry[X,Y] and at least one coefficient of F' or G is not in the mazimal ideal of R,. Equivalently,
¢ = [F : G] is normalized with respect to p if

F(X,Y)=aoX + a1 XY + ..+ ag 1 XY +a,7¢
and
G(X,Y)=bo X+ b XY + . 4 by 1 XY 4 b7
satisfy
min{wv,(ao), ..., Vp(aa), vp(bo), ..., vp(ba) } = 0.

Remark 2.4. Note that if P = [x1 : 2] and Q = [y1 : y2] are in normalized form with respect to p then
6p(P1, P2) = vy (212 — 22y1).

Since R, is a discrete valuation ring, we can always find a representation of P and ¢ in normalized form
with respect to p. However, it is not always true that the same representation is normalized for every p. For
this reason we need a more global definition of normalized forms.

Definition 2.5. (1) We say that P = [z : y] € PY(K) is normalized with respect to S if [x : y] is
normalized with respect to p for every p ¢ S.
(2) Let ¢ = [F : G] be an endomorphism of P!, defined over K. We say that ¢ is normalized with respect
to S if [F : G| is normalized with respect to p for every p ¢ S.

Remark 2.6. Notice that a point P = [z : y] € PL(K) admits a normalized form with respect to S if and
only if the Rg-fractional ideal (x,y) is principal.

Since the concept of good reduction is present through the entire paper, we will recall the definition.

Definition 2.7. Let ¢ be an endomorphism of P, defined over K and write ¢ = [F : G] in normalized form

with respect to p. We say that ¢ has good reduction at p if F(X,Y) = G(X,Y) = 0 has no solutions in

P (k), where F and G are the reductions of F and G modulo p respectively and k is the residue field of R,.
We say that ¢ has good reduction outside S if ¢ has good reduction at p for every p ¢ S.

We also recall two facts on the relation between good reduction and normalized form.

Remark 2.8. [[18], p.59.] Let ¢ be an endomorphism of P*, defined over K and write ¢ = [F : G| in normal-
ized form with respect to p. If ¢ has good reduction at p then ¢™ has good reduction at p for everyn > 2. Even
more, " = [F,, : Gyp] is in normalized form with respect to p, where F,(X,Y) = F(F,-1(X,Y),Gp-1(X,Y)),
Gn(X,Y) = G(Fu_1(X,Y),Grnr(X,Y)), Fi(X,Y) = F(X,Y), and G1(X,Y) = G(X,Y).

Remark 2.9. [[18], p.59.] Let ¢ be an endomorphism of P, defined over K and write ¢ = [F : G| in
normalized form with respect to p. Let P = [a : b] € P*(K) be in normalized form with respect to p. If ¢ has
good reduction at p, then [F(a,b) : G(a,b)] is in normalized form with respect to p.

Finally we give a more explicit definition of a K-rational tail point.

Definition 2.10. Given a periodic point P € PY(K), we say that a point Q € P*(K) is in the tail of P if it
is preperiodic but not a periodic point and P is in the orbit of Q.
We say that Q is a tail point if it is in the tail of some periodic point.



BOUNDS FOR PREPERIODIC POINTS FOR MAPS WITH GOOD REDUCTION 5

2.2. Results from diophantine geometry and arithmetic dynamics.

Bounding the number of solutions of important equations has always been a fascinating problem. In
particular, one can study this problem when the solutions come from the group of S-units of a number field
K.

We can consider the S-unit equation ax + by = 1 where a,b € K* and z,y are S-units. Bounds on the
number of solutions of this equation give powerful consequences in different areas of mathematics. Among
many studies on the S-unit equation, one of the best bounds is the following:

Theorem 2.11 (Beukers and Schlickewei [4]). Let T' be a subgroup of (K*)? = K* x K* of rank r. Then
the equation

r+y=1 in (z,y) el
has at most 2801 solutions.
Corollary 2.12. Let I'y be a subgroup of K* of rank r. Consider I' =Ty x 'y and assume a,b € K*. Then
the equation
ax +by =1 in (z,y) el
has at most 28™+2) solutions.

We will recall similar results on the closely related Thue-Mahler equation.
Let F(X,Y) be a binary form of degree r > 3 with coefficients in Rg. An R%-coset of solutions of

(3) Flz,y)e Ry  in (z,y9) € RS
is a set {e(x,y) : € € R%}, where (z,y) is a fixed solution of (3).
Theorem 2.13 (Evertse [9]). Let F(X,Y) be a binary form of degree r > 3 with coefficients in Rg which is
irreducible over K. Then the set of solutions of
F(z,y) € R% in (x,y) € R%

is the union of at most
(5-10°7)¢

RY%-cosets of solutions.

Next we will give the definition and some results on the n*”* dynatomic polynomial associated to a rational
function ¢.

Definition 2.14. Let ¢(z) € K(z) be a rational function of degree d. For any n > 0 write
P"(X,Y) = [Fo(X,Y) : Gu(X,Y)]
with homogeneous polynomials F,,, G,, € K[X,Y] of degree d™. The n-period polynomial of ¢ is the polynomial
(I)quL(Xa Y) = YFn(va) - XGn(va)-
Dy is well defined up to a constant. Notice that @4, (P) =0 if and only if ¢"(P) = P.
The nt" dynatomic polynomial of ¢ is the polynomial
o5, (X,Y) = [[(VF(X,Y) = XGi(X, V)8 = [T (X, V)P
k|n k|n
where p is the Mobius function. If ¢ is fized, we write ®,, and @7, for ®4 ., and @7 .

The following remark will give us the degree of the dynatomic polynomial which will be useful in the end
of the next section.

Remark 2.15. The degree of the n'" dynatomic polynomial is given by

n
w50 = S (2
eg(®}, ) kZu ) (d°+1)
In particular, if n =1 the degree of @}, is d+1 and if n is a prime number then the degree of ®7 , is
d™ —d.
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Definition 2.16. Let ¢(2) € K(2) be a rational function and P € P}(K). We say that P has formal period
n if @3 ,(P)=0.

Definition 2.17. Let ¢(z) € K(z) be a rational function of degree d > 2 and P € PY(K). We say that P
has primitive period n if $"(P) = P and ¢*(P) # P for all1 <i<mn .
Theorem 2.18 ([18] , p.151). Let ¢(2) € K(z) be a rational function of degree d > 2. For each P € PY(K),
let
ap(n) = ordp(®y,(X,Y)) and ap(n)=ordp(®} ,(X,Y))
where ordp(®y (X, Y)) and ordp(®}, (X, Y)) are the order of zero or pole at P of @4 »(X,Y) and @ , (X,Y),
respectively. Then
(a) @, € K[X,Y], or equivalently,
ap(n) >0 for alln > 1 and all P € P,
(b) Let P be a point of primitive period m and let A(P) = (¢™)'(P) be the multiplier of P. Then P has
formal period n, i.e., al(n) > 0, if and only if one of the following is true:
(i) n=m
(i) n = mr and A\(P) is a primitive r*" root of unity.

In particular, a’(n) is nonzero for at most two values of n.
We will recall a result on the existence of n-periodic points for rational functions due to Baker.

Theorem 2.19 (Baker [1]). Let ¢(z) € K(z) be a rational function of degree d > 2 defined over K. Suppose
that ¢ has no primitive n-periodic points. Then (n,d) is one of the pairs

(2,2),(2,3),(3,2), (4,2).
If ¢ is a polynomial, then only (2,2) is possible.

Remark 2.20. Kisaka completely classifies all the rational functions associated to the exceptional pairs
(n,d) mentioned in Baker’s Theorem. Each of these exceptional rational functions has at least two distinct
fixed points in K.

To end this subsection we will state a strong consequence of Dirichlet’s Theorem on primes in arithmetic
progression.

Theorem 2.21 ([17], p.527). If I is a fractional ideal of Rg, then there is a prime ideal Py of Rg such that
[I] = [Po] as Rg-ideal classes i.e. there is a A € K such that I = (\)P,.

2.3. Main propositions.

The next proposition is a fundamental ingredient for the entire paper.

Proposition 2.22. Let ¢ be an endomorphism of P', defined over K. Suppose ¢ has good reduction outside
S. Let P € PY(K) be a periodic point, Q € PL(K) a fized point with P # Q and R € P*(K) a tail point of
Q. Then 6,(P,R) =0 for everyp ¢ S.

Proof. Let p ¢ S be a prime of good reduction. Consider P = [p1 : p2],Q = [¢1 : @], R = [r1 : 72]
and ¢ = [F(x,y) : G(z,y)] all in normalized form with respect to p. Let n be the period of P and
Lo(z,y) = g2z — 1y a linear form defining () .

Given N > 1 consider ¢V = [Fy(z,y) : Gy (x,y)] where Fy(x,y) = Fn_1(F(z,9),G(z,y)) , Gn(x,y) =
Gn_1(F(z,y),G(x,y)) , Fi(z,y) = F(z,y) and G1(z,y) = G(z,y). By Remark 2.8, (Fn,Gx) is in normal-
ized form with respect to p and by Remark 2.9, [Fy(p1,p2) : Gn(p1,p2)] is in normalized form with respect
to p i.e. min{v,(Fn(p1,p2)),vp(Gn(p1,p2))} = 0.

Therefore for every m > 0 we can find A € (R); such that F,,,(p1,p2) = Ap1 and Gpm(P) = Ap2. We
conclude

(4) Up(LQ (Fnm (p1,P2), Grm (P1,12))) = vp(Lq(p1,p2)) + vp(A) = vp(Lq(p1, p2))-
Pick m big enough so that ¢""(R) = Q. Then Lg(Fm(r1,72), Gam(r1,72)) = 0.
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Let Lg(z,y) = rox — r1y be a linear form defining R, and notice that Lo (z,y) , Lr(z,y) are factors of
Lo(Frm(2,Y), Gam(z,y)). By Gauss’s lemma, we can find a polynomial H(z,y) € (Rs)p[x,y] such that

Lo(Fnm (2, 9), Gnm (2, y)) = Lr(, y) Loz, y) H(z,y).
Hence
Up(LQ (Frm (1, P2), Grm (P1,P2))) = vp(Lr(p1,p2)) + vp(Lq(p1,p2)) + vp (H(p1, p2))-
So by (4)
0 = vp(Lr(p1,p2)) + vp(H(p1,p2))-
Since vy (Lr(p1,p2)) > 0 and v, (H(p1,p2)) > 0 we get vp(Lg(p1,p2)) = 0. Finally, since R and P are in

normalized form with respect to p, we have v, (Lr(p1,p2)) = 0y (P, R) = 0 by Remark 2.4.
O

Corollary 2.23. Let ¢ be an endomorphism of P', defined over K. Suppose ¢ has good reduction outside
S. Let R € PY(K) be a tail point and let n be the period of the periodic part of the orbit of R. Let P € P1(K)
be any periodic point that is not ¢"™"(R) for some m. Then 6,(P,R) =0 for every p ¢ S.

Proof. Take the minimum m > 0 such that ¢™"(R) is a periodic point. By Remark 2.8, ¢™ also has good
reduction outside S.

Now apply the previous proposition using ¢" for ¢ , ¢™"(R) for the fixed point and P as the periodic
point different from ¢™"(R). |

The last Corollary tells us that R is an S-integral point with respect to P (and vice versa). For instance,
if P =[xy :y1] and R = [zg : yo]| are written with coprime S-integral coordinates, then xiys — zoy; is
an S-unit. Thus, with enough periodic points P (or tail points R) we obtain an S-unit equation, i.e. an
equation of the form au 4+ bv = 1,u,v € Rg,a,b € K*.

The last proposition of this section shows that after slightly enlarging any given set S, we can always
write a map (or a point) in normalized form with respect to S.

Proposition 2.24. Let ¢ = [F : G] be an endomorphism of P!, defined over K with
F(X,Y)=ao X%+ a1 XY + . +ag 1 XY 4+ auY¢

and

G(X,Y)=bo X+ b0, XY 4+ . 4 by XYL 4 b v
Then there exists a prime ideal po of Kand an element o € K such that ¢ = [a~ F : «=1G] is in normalized
form with respect to S" =S U {po}.

Proof. Consider the fractional ideal I = (ay, ..., aq, bo, ..., bq)Rs. Then by Theorem 2.21 there is a prime p;
of K and oy € K such that I = (ay)prRs.
Consider the representation of ¢ given by ¢ = [a;'F : a;'G] and let S’ = SU {pr}. Then

vp((a tag, ...,ar tag, a7 by, ...y tbg)) = 0 for every p ¢ S’
In other words, [a;'F : a; 'G] is normalized with respect to S'. O

Proposition 2.25. For every P = [z : y] € PL(K) exists a prime ideal po of K and an element o € K such
that P = [a 'z : a~y] is in normalized form with respect to S = S U {po}.

Proof. The proof follows the proof of the previous proposition. O

3. PROOF OF THEOREM 1.2

For this section, we will state a notation presented in [5].
Let aj,...,an be a full system of integral representatives for the ideal classes of Rg. Hence, for each
i € {1,..,h} there is an S-integer o; € Rg such that

aih = OziRs.
Let L be the extension of K given by
L=K(( Vay,..., Yay)
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where ( is a primitive h-th root of unity. Consider the following subgroups of L*:
VE*:={a € L* : 3m € Zsg with a™ € K*}
and
VR :={a € L":3m e Lo with a™ € R5}.
Denote by S the set of places of L lying above the places in S and by Rg and Rg the ring of S-integers

and the group of S-units, respectively in L. By definition R§ N v K* = \/R% and /RY is a subgroup of L*
of free rank s — 1 by Dirichlet’s unit theorem.

Lemma 3.1. Assume the notation above. There exist fized representations [xp : yp] € PY(L) for every
rational point P € PY(K) satisfying the following two conditions.
(a) For every P € PY(K), we have xp,yp € VK* and
zpRs +ypRs = Rs.
(b) If P,Q € PY(K) then
TPYQ — YrPxQ € \/ﬁ
Proof. Let P = [z : y] be a representation of P in P!(K) and consider b € {ay,...,an} a representative of
2Rs + yRs. We can find 8 € K* such that b"* = BRg. Then there is A € K* such that
(5) (zRs +yRs)" = \"BRs.
We define in L

!
€r =

z y/ _ Y
B "B
and with this definition, it is clear that z’,y" € v K* such that 2’ Rg + ¢ Rs = Rs.
Furthermore, let P = [z}, y}] and Q = [z} : y5] where
/ Li / Yi
Ty = h Yi = h
i /B, Ai /B,

and \;, §; are as the ones described in equation (5) for ¢ € {1,2}. Then

(xlyz - y1$2)h

c K*.
NS B1 B2

(hyh — yiah)" =
O

Proof of Theorem 1.2 part (a). Let Py, Py, P3 be three different K-rational tail points and let n; be the
period of the periodic part of the orbit of P; with i € {1,2,3}. Let P be a K-rational periodic point such
that ¢ (P;) # P for every m € Z>q and i € {1,2,3} (if such a P does not exist then |Per(¢, K)| < 3 and
the proof will be complete).
By Lemma 3.1, for every ¢ € {1,2,3} there exist P =[x :y] , P, = [z; : y;] with z,y, 2;,y; € L such that
(a) =;Rs +y;Rs = Ry,
(b) 2Rs + yRs = Rs,
(¢) zy —yix € VEK*.
By (a) and (b) we have 0,/ (P, P;) = vy (x;y — yiz) for every p’ ¢ S and every i € {1, 2,3}. Using Corollary
2.23 we can find S-units u1,u2, us € R such that

(6) 1Y — N = Uz,
(7) L2Y — Y2l = U2,
(8) T3Y — Y3T = us-.
Notice that by (c) , u; € VK* N RS = \/R% for each i € {1,2,3}.
Using equations (6) and (7) we get @ = —wf2— — 28— and y = e — 28— Then by
(8) we get

(l’gyz - y3l’2)u1 + (y3$1 - I3y1)U2 = (y2171 - y1='172)u3-
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Thus

Au+ Bv =1
_ (z3y2—ysw2) _ (ysz1—z3y1) _ -1 — -1
where A = (Gozs—yr7a)” B= (yom1—graa) U = W13 and v = ugug .

Notice that A, B # 0 since P» # P3, P; # P3 and the denominator is not 0 since P, # Ps.

Hence by Corollary 2.12 with Ty = /R, the total number of solutions (u,v) € \/Rgx \/R% of Au+Bv =
1 is bounded by 28(2%).

From equations (6) and (8), we can solve for x/y in terms of x1,%1,x3,ys,u. Therefore there are 28(2%)
possible [z : y]. Finally notice that there are at most three periodic points P such that ¢™"(P;) = P for
some m € Z>q and some i € {1,2,3}. Therefore

| Per(¢, K)| < 2%6% 4 3.
O

The proof of Theorem 1.2 part (b) is similar and requires only minor changes at the start and conclusion
of the proof.

Proof of Theorem 1.2 part (b). Let Py, Pa, P3, Py be 4 different K-rational periodic points and let n; be the
period of P; with ¢ € {1,2,3,4}. Let P be a K-rational tail point such that ¢™"(P) # P; for every m € Z>
and i € {1,2,3}.
By Lemma 3.1, for every i € {1,2,3} we can take P = [z : y] , P; = [x; : y;] with z,y, 2;,y; € L such that
(a) @;Rs +y;Rs = Rs,
(b) xRs + yRs = Rs,
(¢) ziy — yiz € VK*.
Using the same argument of proof of Theorem 1.2 part (a), we get that there are 28(2*) possible [z : y].
Now for the K-rational tail points given by ¢™™ ([z : y]) = Pr,0™™2([z : y]) = Po,@™™([z : y]) = P5 we
use the same argument with the triples (Py, Ps, Py) , (P1, Ps, Py) and (P1, P, Py), respectively. In each case
we get the same bound 2'6%.
Therefore,
| Tail(g, K)| < 4(215°).
O

Proof of Corollary 1.3. We will prove that we can take a field extension of K to a field F such that ¢ has at
least three E-rational tail points (resp. four E-rational periodic points) and [E : K] < d3. In this case, let
S’ be the set of places of F lying above the places of S. Then the corollary follows by applying Theorem 1.2
to get

| Per(¢, K)| < | Per(¢, B)| < 2'615'1 43 = 916I514> | 3
and

| Tail(¢, K)| < | Tail(¢, B)| < 4(2") = 4(2"051),
respectively.

Part (a). Assume ¢ has at least three periodic points; otherwise the bound trivially holds. By the
Riemann-Hurwitz formula a rational function has at most two totally ramified points. Therefore at least one
of our periodic points admits a non-periodic preimage. Let P; be one possible preimage of such a point and
consider F; the field of definition of P; over K. Notice that [E; : K] < d.

Consider P, P3 € P}(K) a preimage of P, and Ps, respectively. Let Eo be the field of definition of P
over By and E the field of definition of P3 over Fy. Notice that [Ey : Ey] < d, [E : Es] < d, Py € P(Ey)
and P; € P}(E).

So [E: K] < d? and ¢ has at least three E-rational tail points.

Part (b). If |Per(¢, K)| > 4 then we can apply Theorem 1.2 to get the desired bound. Now assume
1 < [Per(¢, K)| < 3.

Case 1: Suppose there exist a point P € P(K) of period 3 under ¢. Considering the field extend
E = K(Q) of K where @ is a fixed point of ¢. Notice that [E : K] < d+ 1 < d® by Remark 2.15 and ¢ has
at least four F-rational periodic points.

Case 2: Suppose there exists no periodic point of period 3 in P*(K) but there is a point P € P}(K)—P!(K)
of period 3 under ¢. Considering the field extend E = K(P) of K we have that ¢ has a 3-periodic point on
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E. Notice that [E : K] < d® —d < d® by Remark 2.15 and ¢ has at least four E-rational periodic points
since 1 < | Per(¢, K).

Case 3: Suppose there exists no point P € P'(K) of period 3 under ¢. Then by Theorem 2.19 and
Remark 2.20, ¢ admits a point P; € P'(K) of period 2 and two distinct fixed points P, Py € P}(K). Since
1 < |Per(¢, K)| < 3 we can assume that at least one of Py, P, P53 is K-rational. Let E = K(Py, P, Ps).
Notice that [E : K] < d® by Remark 2.15 and | Per(¢, E)| > 4.

(Il

After assuming |Tail(¢, K)| > 3 (|Per(¢, K)| > 4), Theorem 1.2 (a) and (b) provides a bound for
| Per(¢, K)| ( |Tail(¢, K)|) independent of the degree of ¢. We claim that in order to get bounds for
| Per(¢, K)| and | Tail(¢, K')| independent of the degree of ¢, the hypotheses | Tail(¢, K)| > 3 and | Per(¢, K)| >
4 are required. This can be seen in section 5 where we provide a couple of examples that show our claim.

In order to improve the bounds given in this section, we have to overcome two technical obstacles:

(a) Due to the possibility of a nontrivial class group, every P € P!(K) cannot always be written as
P = [z : y] with z and y coprime S-integers.

(b) In order to apply Theorem 1.2, we extended the field K to have enough K-tail (or K-periodic)
points. However, after doing so, the degree of the rational function appears in the exponent of our
bound.

We overcome (a) by analyzing the ideal class generated by « and y in Rg, when P = [z : y] is preperiodic.
To overcome (b) we use the theory of Thue-Mahler equations, instead of S-unit equations, to avoid having
to extend the field K. After using Thue-Mahler equations we will obtain that the degree of the rational
function appears in a polynomial way in our bound. We will provide solutions to problems (a) and (b) in
the next section.

4. PROOF OF THEOREM 1.4 AND THEOREM 1.5 USING THUE-MAHLER EQUATIONS

First we will prove Theorem 1.4. Assume the hypotheses in Theorem 1.4.
Notice that if ¢ has at least four K-rational periodic points, then by Theorem 1.2

| Tail(6, K)| < 4(2'%%).

Therefore until the end of the proof of Theorem 1.4 we assume | Per(¢, K)| < 3.

If |Per(¢, K)| = 0 then | Tail(¢, K)| = 0. So there is nothing to prove in this case. The remaining
possibilities can be divided into two cases: when |Per(¢, K)| = 2 or 3 and when | Per(¢, K)| = 1.

Before we start analyzing these two cases, we will prove a proposition that will be useful in both.

Proposition 4.1. Let K be a number field and S a finite set of places of K containing all the archimedean
ones. Let ¢ be an endomorphism of P!, defined over K and d > 2 the degree of ¢. Assume ¢ has good
reduction outside S and ¢ admits a normalized form with respect to S. Let o/ C Tail(¢, K) be such that
every point in o/ admits a normalized form with respect to S. Then

7| < max {(5-10%(d® + 1))5™,4(204%)} .

Proof. Suppose that there exists a K-rational periodic point P, of period 1,2 or 3 such that [E : K] > 3
where E = K(P,). Notice that [F : K] < d®.

Let Sg be the set of places of F lying above places in S. Applying Proposition 2.25 to P, and Sg, we can
find a prime pg in F such that P, can be written in normalized form with respect to Sg U {pg}. Consider
S" = SU{pr} where px is the prime of K lying below pg and let S% be the set of places in E lying above
places in S’.

Let P = [z : y] € & be in normalized form with respect to S’ and P, = [a : b] € P(E) in normalized
form with respect to S7. Notice that P, is not in the orbit of P since it is not K-rational.

For every prime plp & S, oy (P, Pi) = 0. Then for every p ¢ Sp
(9) vy (ay — bx) = 0.

Denote by Ng/k the norm from E to K and consider F(X,Y) = Ng/g(aY — bX) € K[X,Y] where
the embedding of E over K act trivially on X and Y. Since P, is in normalized form with respect to S%,

we have that a,b € Rp s, . Hence F(X,Y) € Ry s/[X,Y]. Notice that the degree of I is [E : K]. Since
P, is a root of F(X,Y) and F is the field of definition of P, we have that F(X,Y") is irreducible over K.
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Finally using that every P = [z : y] € & is in normalized form with respect to S and equation (9) we have
F(x,y) € Rj g
Now we have all the hypotheses to apply Theorem 2.13. Therefore in this case we get
|| < (5-10°[E : K])*** < (5-10%d°)*+.

Now suppose that for every K-periodic point P of period 1,2 or 3, we have [K(P) : K] < 2. We claim that

in this case we can find a field E of degree [F : K| < 4 such that ¢ has at least 4 distinct E-rational periodic

points. To prove the claim we just need to use Theorem 2.19 and Remark 2.20 as follows.

Case 1: There exists a point P € P!(K) of period 3 under ¢. Let Q € P'(K) be a fixed point of ¢ and
E = K(P,Q). Then by assumption [F : K| < 4 and we have | Per(¢, E)| > 4.

Case 2: There does not exist a point P € P!(K) of period 3 under ¢. By Theorem 2.19 and Remark 2.20,
¢ admits a point P, € P}(K) of period 2 and two distinct fixed points P, P3 € P!(K). Since 1 <
| Per(¢, K)| < 3, we can assume that at least one of Py, Ps, P5 is K-rational. Let E = K(P, Py, Ps3).
Then again we have [E : K] < 4 and |Per(¢, E)| > 4.

Then by Theorem 1.2

|| < | Tail(, K)| < | Tail(¢, B)| < 4(2'0¢0))) = 4(264).

In any case
|| < max {(5-10%(d® + 1))*"1,4(20%)} .

Notice that if Rg is a PID then Theorem 1.4 follows immediately from Proposition 4.1.

Proof of Theorem 1.4. Case 1: |Per(¢, K)| € {2,3}

By Proposition 2.24 we can assume ¢ is in normalized form with respect to Sy, for some S; with |S;| =
S|+ 1 and S C S;.

Let Py = [x1 : y1], Po = [x2 : y2] be two different K-rational periodic points. For every P = [zp : yp] €
Tail(¢, K) there is ip € {1,2} such that

0p(P,P;,) =0 forevery p¢Si.
Then
(xpYip —yrxip)Ri,s, = (p,yp)(Tip, Yip)RK,s, for every P € Tail(¢, K).
Applying Proposition 2.25 on Pj, P, and Si, we can find a representation of P; and P, such that P; =

[} : ¥i] and P, = [z, : y4] are in normalized form with respect to Se, for some Sy with S; C S and
|S2| = |S1]| + 2. Hence, for every P € Tail(¢, K)

(zpyi, —ypai,)Ris, = (zp,yr)RK,s,
and zp and yp generate a principal Rg g,-ideal. Therefore, for every P € Tail(¢, K) we can find a represen-
tation of P that is normalized with respect to Sy, namely P = [a;lxp : a;lpr where ap = xpy;, —ypr;,
(Remark 2.6).
Every point P € Tail(¢, K) admits a normalized form with respect to Sy and ¢ is in normalized form

with respect to Sy with good reduction outside S2. Applying Proposition 4.1 gives
|Tail(¢, K)‘ < max {(5 . 106(d3 + 1))s+474(264(s+3))} ]

Case 2: |Per(¢, K)| =1

By Proposition 2.24 we can assume ¢ is in normalized form with respect to Sy, for some S; with |S1| =
|S|+1and S C S;. Let Q € PY(K) be the only K-rational periodic point. Applying Proposition 2.25 on Q
and S7, we can find a representation of @ such that @ = [¢1 : ¢2] is in normalized form with respect to Ss,
for some Sy with S; C Sy and |S3| = |S1| + 1.

Let P = [zp : yp| € Tail(¢, K). Since ¢ = [F, G] is in normalized form with respect to Sz and ¢ has good
reduction outside So, Thus

vp((F(zp,yp), G(zp,yp))) = vp((zp,yp)?) for every p ¢ Ss.
Therefore,

(10) (F(zp,yp),G(zp,yp)) = (vp,yp)? for every as R s,-ideals.
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Applying the last equality repeatedly we get that the Rx g,-ideal class [(zp,yp)? ] = [(q1, g2)] = [1] is trivial
for some n > 0 depending on P.
Assume the notation of Theorem 2.18. By Theorem 2.18 there are at most two values of n such that

a(n) = ordg (¥, (X, Y)) #0.

Since ag)(1) # 0 we get that either af,(2) =0 or a5 (3) = 0. Set £ = min{i : aj (i) = 0}.
Consider (I)ZSJ(X’ Y’) and notice that every root of @7 , is a periodic point of period 1 or ¢, different from
Q. Let

<I)(*¢)7Z(X,Y) =cfi(X, V) fi(X, Y)Y - f(X, Y)Y
be the irreducible factorization of QZ’Z(X, Y) over K and ¢ € K*. Let e¢; = deg f; for i = 1,...,7. Note that
the degree of ®F , is d’ —d.
Fix i € {1,...,7}. Let Q; = [a; : b;] € PL(K) be a root of f;(X,Y). Consider E; = K(Q;) the field of
definition of @; and e; = [E; : K]. Let Sg, be the set of places of E; lying above places of Ss.
Denote by N,k the norm from E; to K and notice that f;(X,Y) = Ng,/x(a;Y — 0;X) € K[X,Y] up
to a constant. For every P € Tail(¢, K) and for every pp, ¢ Sg, we have dy, (P, Q;) = 0. Then

(11) (xpbi —ypai) = (a;,bi)(xp,yp) as RE, s, -ideals.
Applying Ng, /i to (11) we get

(12) (fitzp,yp))RK s, = Li(xp,yp)” RK s,
where I; = Ng, /i ((a;,b;)) is an Rk s,-ideal. Taking appropriate powers and multiplying over all 4 gives
(13) (@} o(xp,yp))Ri,s, = I(xp,yp) = ““ R s,

where I = IL I is an R g,-ideal.
By Theorem 2.21 applied to the Ry g,-ideal I, there is a prime ideal pp in K and 3; € K such that
(Br)I =poRk,s,. Consider S5 = Sy U {po} then multiplying (12) by 8; we get

e 1
Bi(®} (xp,yp))R.s, = Brl(zp,yp)* ~"Ri.s, = poRk.s,(xp,yp)* ~"Ri s,
Notice that poR s, is the trivial ideal in Ry g . Therefore

e
(14) Br(®} o(zp,yp))Ri,s; = (xp,yr)* "Ry

Thus, the ideal class of (xp,yp)dz_d in Rk g is trivial. Then the ideal class of (zp,yp)?" in Rk sy is
trivial since the ideal class of (zp, yp)d" in Ry, g, is trivial . Taking the g.c.d. of d’ — d and d" we get that
the ideal class of (zp,yp)? in R sy is trivial.

Let & be the set of all K-rational tail points excluding the initial point in each maximal orbit. Using
equation (10) and Remark 2.6 every point P € &/ admits a normalized form with respect to S5.

Now applying Proposition 4.1 to & and S}, we get

/| < max {(5 -109(d® + 1))S+4,4(264<8+3>)} .

This gives us
| Tail(¢, K)| < d|«/| < dmax {(5 -105(d3 + 1))8—1—4’4(264(84-3))} .

Now we will prove Theorem 1.5.
Assume the hypotheses in Theorem 1.5. Hence | Tail(¢, K)| > 1.
Notice that if ¢ has at least three K-rational tail points, then by Theorem 1.2 we have that

| Per(¢, K)| < 2'%¢ + 3.

Therefore in the rest of the section we assume | Tail(¢, K)| € {1,2}.
As before, we will need to prove a proposition to use in the proof of Theorem 1.5.
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Proposition 4.2. Let ¢ be an endomorphism of P', defined over K. Let d > 2 be the degree of ¢. Assume
¢ has good reduction outside S and ¢ is in normalized form with respect to S. Let o/ C Per(¢, K) such that
every point in & admits a normalized form with respect to S. Then

|| < max {(5-10%(d — 1))°"!, 4(2"2%%)} .

Proof. Suppose that for every tail point P, € P!(K) —P!(K) such that ¢(P,) is a K-rational periodic point,
[K(P,) : K| > 3 where E = K(P,) is the field of definition of P,. Then the same proof as the first part of
the proof of Proposition 4.1 yields the desired result ( notice that [E: K] <d—1).

Now suppose that for every tail point P, € P(K)—P!(K) such that ¢(P,) is a K-rational periodic point,
[K(P,) : K] < 3. In this case, assume we can find three different K-rational periodic points Q1,Q2, Q3
(otherwise Per(¢, K) is trivially bounded ). We can find three different tail points P; € P!(K) — P!(K) such
that ¢(P;) = @; and 1 < [K(F;) : K] <2 where 1 <4 < 3. Applying Theorem 1.2 gives

|JZ{| S 4(21285).
Therefore we get
|| < max {(5-10%(d — 1))°T", 4(2"2%%)} .
]

Notice that if Rg is a PID then every point in Per(¢, K') admits a normalized form with respect to S.
Thus, in this case Proposition 4.2 gives a bound for Per(¢, K) and the hypothesis on the existence of a
K-rational tail point will not be required in Theorem 1.5.

Proof of Theorem 1.5. This proof follows the proof of Case I of Theorem 1.4 except that we use Proposi-
tion 4.2 instead of Proposition 4.1. After this change we obtain

| Per(6, K)| < max { (5 10°(d — 1))*+3,4(2125+2) L 4 1.

5. EXAMPLES

In this section we will present two examples that show the sharpness of the hypotheses of Theorem 1.2
part (a) and (b).

The first example gives a family of rational functions with exactly two Q-rational tail points and a fixed
set of places of bad reduction. However the size of the set of Q-rational periodic points grows with the degree
of the rational functions in the family. This proves that the hypothesis of Theorem 1.2 part (a) is necessary.

Example 5.1. Consider

1 (z—27Y(@z—-27Y (z—-1)..(z - 29" )(z —2¢
)= L4 B2 ECEDNEES S s
If we take S = {00,2} then fq(x) has good reduction outside S.
Now notice that 0 and oo are tail points and 1 is a fized point with orbit 0 — co — 1 — 1. Also for every
i €{—d,..,—1,1,..,d} the points 2' are Q-rational periodic points of period 2.
Finally by Theorem 1.2 if d > 231 + 1, then Tail(f4,Q) = {0,00}. Thus, this gives an example of a
family of rational functions fq such that each rational function fq has exactly two Q-rational tail points,

good reduction outside of a fixed finite set of places S, and the number of Q-rational periodic points grows
with the degree of fu(x).

The second example gives a family of rational functions with exactly three Q-rational periodic points and
a fixed set of places of bad reduction. However the size of the set of Q-rational tail points grows with the
degree of the rational functions in the family. This proves that the hypothesis of Theorem 1.2 part (b) is
necessary.

Example 5.2. Consider

falz) = (z —1)(x —2)(z —22)...(x — 2771) € Q).

d
x
If we take S = {00, 2} then fq(x) has good reduction outside S.




0
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Now we notice that 0 is a periodic point with orbit 0 — oo — 1 — 0 and that 2,..,2%1 are in the tail of

Finally by Theorem 1.2 if d > 23*+1, then Per(fs, Q) = {0,1,00}. Thus, this gives an example of a family
of rational functions fq such that each rational function fg has exactly three Q-rational periodic points, good
reduction outside of a fized finite set of places S, and the number of Q-rational tail points grows with the

degree of fq(x).
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