
1.2. Direction Fields: Graphical Representation of the ODE and its
Solution

Section Objective(s):

• Constructing Direction Fields.
• Interpreting Direction Fields.

Definition 1.2.1. A first order ODE of the unknown y is

y′(x) = f(x, y(x)) , (1.2.1)

where f is given and y′ =
dy

dx
.

Example 1: Consider the equation dy
dx = 2x. The general solution to this ODE is

y(x) = x2 + C . For each initial condition y(0) = y0, there exists a

unique solution. In fact, given any point (x, y), there is a unique curve through this point,

which has slope y′(x) = 2x.

(1) Draw the solution curve to dy
dx = 2x with initial condition y(0) = 1 and the one with

initial condition y(0) = 2.

(2) Draw a few more and indicate the corresponding initial conditions.

(3) Draw a short segment through the points (1, 1), (0, 2), and (−1,−2) with corre-

sponding slope m = f(x, y).
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Definition 1.2.2. The collection of line segments with slope

m=f(x,y) through a collection of points (x, y) is called the slope field

(direction field) of the ordinary differential equation y′ = f(x, y).

Example 2: Consider the equation dy
dx = y. The general solution to this ODE is y(x) = Cy .

For each initial condition y(0) = y0, there exists a unique solution. In fact, given any point

(x, y), there is a unique curve through this point, which has slope y′(x) = 2x.

(1) Choose several representative points and draw a slope field for the differential equa-

tion.

(2) Draw an approximate solution curve, satisfying y(0) = 1.

(3) What is the general solution of the ODE?

(4) Compare your approximate solution, based on the slope field with the exact one,

based on the analytical solution.
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Now, consider the ODE dy
dx = x + sin(y). Note that has no explicit solution. Use the

slope filed of the ODE, given below, to draw the solution curve satisfying

(a) y(0) = 1,

(b) y(1) = 1.
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Figure 1. Direction field for the equation dy
dx = x + sin(y).
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Theorem 1. (Existence and Uniqueness of Solutions) Suppose that both the function

f(x, y) and its partial derivative ∂
∂yf(x, y) are continuous on some rectangle R in the

xy−plane containing the point (x0, y0) in its interior. Then, for some open interval I

containing the point x0, the initial value problem

dy

dx
= f(x, y), y(x0) = y0

has one and only one solution that is defined on the interval I.

Question: Can solution curves of a given differential equation, satisfying the conditions

of Theorem 1, intersect? Why?



5

1.3. Autonomous Equations: Qualitative Approach

Section Objective(s):

• Equilibrium Solutions of Autonomous Equations.
• Phase Diagram.
• Stability of Equilibrium Solutions.

Definition 1.3.1. A differential equation is called autonomous if the indepen-

dent variable does not appear explicitly. Thus, y′ = f(x, y) is autonomous if f is

independent of x .

(1) Provide an example of an autonomous first order ODE.

(2) Provide an example of a non-autonomous first order ODE.

What is a special characteristic that the slope fields of all autonomous first order ODEs

share?
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Definition 1.3.2. The solutions of the equation f(y) = 0 are called

critical points of the autonomous ODE.

If y = c is a critical point of equation y′(t) = f(y), then y(t) ≡ c

is a solution, which we call an equilibrium solution .

Example 3: Find the equilibrium solutions of the logistic equation, with k = 3 and N = 20:

dP

dt
= 3P

(
1 − P

20

)
. (1.3.1)

(a) How will the solution satisfying P (0) = 23 behave? Can we determine if it is increas-

ing/decreasing?

(b) How will the solution satisfying P (0) = 19 behave?

(c) Can we generalize this?
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Consider the logistic equation, P ′ = kP
(
1 − P

N

)
. Since it is an

autonomous ODE, its slope field only depends on the dependent (and

does not depend on the independent variable (t) , we can

summarize its behavior in a so-called phase diagram . It indicates

the direction, or “phase” of change of P as a function of itself.

(1) Find all critical points and plot them on the phase axis.

(2) Find all intervals where P ′ < 0 and where P ′ > 0.

(3) Determine the stability of the critical points.

(4) Draw a phase diagram of the logistic equation.

(5) Draw representative solution curves of the logistic equation.

Definition 1.3.3. A critical point y = c of an autonomous first order differential

equation y′ = f(y) is called stable provided that for any initial condition

which is sufficiently close to c, the solution y(t) remains close to c for all t > 0. The equi-

librium solution y = c is unstable if it is not stable .
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