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(e) Determine the convergence of > COZ# and justify your answer.

: : 2 .
Solution. Since |cos?n| = |cosn|? < 1, we have |“5,| < 1. Since 3 -1 converges, by
n n n

. 2
comparison test, ) | “®>" also converges. O
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(a) Determine the convergence of ) "

Solution. The serles is divergent. We observe that 2 —2 is approxnnately equal to = and

. Note that 5 > in is equwalent to that 2n(n — 1) >n? ie., n2 > 2n. So 1f n> 2,
then n—l > 1n Slnce ol - diverges, 3o 5, also diverges. By comparison test, > ”n—}l also
diverges.

There is another way to show that the series diverges. We know that E converges. If

P L also converges, then Z( ”n21) > 1 would converge, which is a contradiction.
O

¢) Determine the convergence of 3 2 and justify your answer. Hint: You may use the
n
limit (14 1)" — e ~ 2.71828.

Proof. We use the ratio test. We compute

1)
‘an+1‘_(rb(?_1)724r1$n (n+1" (n+1L)n™ " 1 _>1<1
an ' = nl(n+ 1)+t (n+ 1)t (n+ 1D (1+1/n)" e ’
Since lim [*254| < 1, by ratio test, the series converges. O

Prove that if Y a, is a convergent series of nonnegative numbers and p > 1, then Y af,
converges. Hint: You may use the fact that if 0 < a < 1 and p > 1, then a? < a.

Proof. Since ) a, converges, we have a, — 0. So there is N € N such that for n > N,
la, —0| < 1. Since a,, > 0, we get 0 < a,, < 1 for n. > N. Since p > 1, we have 0 < af, < a,,
for n > N. Since >_ a, converges, by comparison test, Y al, also converges. O
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(b) Prove > °° = 1. Hint: Use n(n+1) = =
(c) Prove > >7, 27;11 = 1. Hint: Note Q"n%ll =g — Qnﬁll

(d) Use (c) to calculate Y 07, .

n=1n n+1)




Proof. (b) We first calculate the partial sum sequence. For any N € N,

N
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Note that there are many cancelations. Since - +1 — 0, we get

<1 al 1
—— — lim (1— ——)=1-0=1
z:l n(n+1) N—>ooz n—|—1 Ngnoo( N—i—l)

n= =

n-l — o — ;ntll, we can calculate the partial sum sequence:

n—1_y/n m+ly 1 2y 72 3 N N+41y 1 N+1
=2 (zger) = () e ) (v o) = 5o
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We now show that zﬁN — 0. This actually follows from ratio test. Note that é\fvtll / 2%

1\27}1 —> . By ratio test, ) 2ﬂN converges, which then implies that 2% — 0. Thus,

in—l y in—l y (1 N+1) 1

—— = lim —— = lim (= - ——) = -.

2n+1 N—o0 2n+l1 N—oo \2 2N+1 2
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(d) From (c), we get > oo, %1 = 1. We learned in class that for r € R With Ir| < 1,

S0 o™ = 1, which implies that > 00, r" = -1 —1 = ;£ Taking r = 3, we get

> 5w =1 So

. n “n—1 =1
Z%ZZ o +227_1+2=2
n=1 n=1 n=1



