MTH Capstone AY26-27
Summary
Fall 2026 – A:  Groups and Geometry
Instructor: Bob Bell
Listed as Section 001; scheduled for TR 10:20 – 11:40
Fall 2026 – B: Bifurcation and Chaos in Dynamical Systems 
Instructor: Keith Promislow
Listed as Section 002; scheduled for TR 12:40 – 02:00 
Spring 2027 – A: Bilinear Forms 
Instructor: Igor Rapinchuk
Schedule TBD
Spring 2027 – B: Applied and Computational Topology
Instructor: Hitesh Gakhar
Schedule TBD

Detailed descriptions of the projects can be found on the following pages. 
Note: topics covered and planned assessment structures are tentative. Please refer to course syllabus after enrollment for definitive version.

FS26-A: Groups and Geometry (Robert Bell)
Course Description
We will investigate the interplay between geometric objects and their symmetries. Specific topics include transformations groups, permutation groups, discrete geometries, discrete groups as metric spaces, and geometric structures on surfaces. There will be an emphasis on studying specific examples in greater depth rather than on theory building. Applications to other specializations within mathematics and the physical sciences will be highlighted as they arise. Students will be required to complete a mid-term project and a final project. The projects will emphasis writing and presenting mathematics to an audience of peers. The prerequisite coursework (linear algebra) will be reviewed as the need arises. No familiarity with abstract groups will be assumed.
Course Outline and Topics
1. Transformation groups, e.g., groups generated by reflections such as the isometry groups of the Euclidean plane and the unit sphere
2. Permutation groups, e.g., symmetries of polyhedra, Burnside counting lemma, examples of root systems
3. Discrete geometries, e.g., projective linear groups over a finite field, linear codes, sporadic groups 
4. Discrete groups as metric spaces, e.g., Cayley graphs, large scale invariants such growth rates, connections to topology
5. Geometric structures on surfaces, e.g., Euclidean and hyperbolic surfaces and an introduction to how a group can define a geometry, i.e., the Erlangen Program of Klein
Course Materials
The instructor will provide course notes as the primary course reading materials. Exercises will be assigned regularly to help students test their understanding. Solutions to select exercises will be provided.
The references listed below are suitable as secondary resources and as references for special project topics.
References
Mostly Surfaces by Richard Schwarz is freely available on the author’s web page. 
Geometry of Surfaces by John Stillwell is available through the MSU Library’s subscription to Springer Nature titles. 
Introduction to Group Theory by Oleg Bogopolski is a rapid introduction to group theory with an emphasis on discrete groups.
Introduction to Group Theory by Joseph Rotman is a graduate textbook in group theory.
Office Hours with a Geometric Group Theorist edited by Matt Clay and Dan Margalit is a friendly introduction to specific topics in geometric group theory. Most chapters are self-contained, include exercises, and include extended projects for further investigation. 
Capstone Requirement
This capstone course will provide opportunities for students to learn the connections between abstract algebra (MTH 310, 418H, 419H) and geometry (MTH 330, 432). The course will review topics from linear algebra (MTH 309, 317H) as needed. Some specific topics connect to additional courses, e.g., multi-variable calculus (MTH 234) for surfaces and computations of line and surface integrals and analysis (MTH 320) for big-O notation in growth rates and precise formulation of groups being quasi-isometric.
Tier II Writing Requirement
Students will complete two projects during the semester. The projects will emphasize writing a (reasonably) self-contained article on a mathematical topic addressed to an audience of peers, e.g., students in this course. Students will be required to submit an initial proposal, a complete draft, and a final draft. Feedback will be provided at each stage. Poster presentation will be held during Finals.  


FS26-B: Bifurcation and Chaos in Dynamical Systems (Keith Promislow)
Course Description
An introduction to the dynamical systems as models of physical systems with an emphasis on bifurcation as a paradigm for emergent behavior.  This will illuminate the quote that things change “slowly, and then all at once.”  The course will investigate non-dimensional groups, normal forms, bifurcation and stability diagrams, iterative maps, and global bifurcations. It culminates with an overview of the onset of chaos in iterative maps and three-dimensional dynamical systems.
Course Materials
Sample textbook: 
Steven Strogatz — Nonlinear dynamics and Chaos
Capstone Requirement
The course relies heavily on linear algebra (MTH309, 317H) to characterize structure in linear dynamical systems, students will understand the significance of eigenvalues and eigenvectors at the end of the course. This is combined with strong applications of the implicit function theorem and real analysis (MTH320, 327H) to generate normal forms. Students should have a solid background in linear algebra, experience with differential equations is not required.
Tier II Writing Requirement
The course concludes with a written project and associated presentation that gives an overview of model development and analysis for a dynamical system. The written portion is usually 10-15 pages, with a 20-minute presentation.


SS27-A: Bilinear Forms (Igor Rapinchuk)
Course Description
The objective of this course will be to study some aspects of the theory of bilinear forms and its applications. Bilinear forms generalize the usual dot product encountered in multivariable calculus. More precisely, the dot product is an important example of the general notion of a positive definite bilinear form; in analogy with the dot product's use in R3, positive definite bilinear forms enable one to talk about distances and angles in arbitrary (possibly infinite-dimensional) vector spaces. In particular, in a vector space equipped with a positive definite bilinear form, one can construct a very convenient basis called an orthonormal basis, which has numerous applications in pure and applied settings. For example, from an algebraic point of view, determining the Fourier series of a periodic function essentially boils down to constructing an orthonormal basis consisting of trigonometric functions in a certain function space with respect to an appropriate bilinear form (of course, there are also various analytic questions of convergence that need to be considered). Although positive definite bilinear forms are closest to our geometric intuition, one can in fact establish a number of structural results for general bilinear forms, resulting in a theory that has close connections to a number of disciplines, including algebra, number theory, analysis, geometry, numerical analysis, and physics. We will also consider linear transformations preserving various types of bilinear forms and develop their spectral theory. Time-permitting, in the last part of the course, we may highlight some of the applications of bilinear forms to the representation theory of finite groups.
Course Materials
Will be provided by the instructor. Students may consult
· Linear Algebra, Frieberg, Insel and Spence
as additional reference.
Capstone Requirement
The course is intended to be an interdisciplinary exploration of bilinear forms as they appear in various disciplines. The disciplinary mathematical contexts will be introduced as they appear. 
Students are expected to bring a reasonably good command of the fundamental concepts of linear algebra and abstract algebra. For linear algebra, the material covered in MTH 309 or 317H should, for the most part, be sufficient. The course has some minor overlap with MTH414; familiarity with the material is helpful but not necessary.  For abstract algebra, the main prerequisite is some familiarity with the basics of group theory: this is covered in MTH 310 (Spring 2026 or later) and MTH 411 (Spring 2026 and before).  
Tier II Writing Requirement
Students are asked to prepare an oral presentation and a short accompanying written report on a topic of their choice. 


SS27-B: Applied and Computational Topology (Hitesh Gakhar)
Course Description
This capstone course develops the mathematical foundations of topological methods that arise in the study of data. Starting from finite metric datasets, students construct discrete models such as Vietoris–Rips complexes and study simplicial complexes, homology, and persistent homology as combinatorial and algebraic structures that encode topological information. A central theme is how these data-driven constructions lead to mathematically well-defined invariants that can be computed using linear algebra. Concrete examples and small models are used throughout to illustrate both the strengths and limitations of these methods.
The course brings together core areas of undergraduate mathematics, including linear algebra, proof-based reasoning, and topology in a discrete and combinatorial setting. In addition to learning the underlying mathematics, students practice communicating mathematical ideas through structured writing assignments. These include expository writing, guided analysis of selected research papers, and a final capstone paper that develops and refines earlier work based on feedback. The emphasis throughout is on mathematical structure, reasoning, interpretation, and clear communication rather than on software or data-processing techniques.
Topics Covered 
(subject to available time) 
Finite metric spaces, Vietoris–Rips complexes and simplicial complexes, chain complexes and boundary operators, simplicial homology, Betti numbers, filtrations, persistent homology, persistence diagrams and stability, graphs and Reeb graphs, topological invariants, and interpretation and limitations of topological summaries 
Course Materials
Primary reference (selected chapters):
· T. Dey and Y. Wang, Computational Topology for Data Analysis, Cambridge University Press. (available freely online)
Supplementary materials:
· Instructor-written lecture notes emphasizing mathematical examples, proof sketches, and connections to prior coursework.
· Selected research and expository articles in applied and computational topology (e.g., persistence, stability, Reeb graphs).
· Instructor-provided Jupyter (or Colab) notebooks used as exploratory tools to visualize constructions and examples; programming experience is not assumed.
Capstone Requirement
This course integrates multiple areas of undergraduate mathematics through the study of applied topology, where discrete models of spaces are analyzed using algebraic and linear-algebraic tools to extract topological information.
· Linear algebra: Boundary operators are treated as linear maps, chain complexes are represented by matrices, and Betti numbers are computed using kernels, images, and the rank–nullity theorem.
· Proof-based mathematics: Students work carefully with definitions, constructions, and proof sketches to understand why these algebraic constructions yield well-defined invariants and to interpret central theoretical results such as stability of persistent homology.
· Topology and discrete mathematics: Simplicial complexes, filtrations, graphs, and Reeb graphs serve as combinatorial models of spaces and functions, allowing topological ideas such as connectedness, holes, and level-set structure to be studied in a discrete setting.
Recommended background: MTH309 or 317H. No prior coursework in topology or abstract algebra is assumed; necessary topological and algebraic concepts are introduced in context as needed.
Tier II Writing Requirement
The Tier II writing requirement is met through a sequence of writing assignments emphasizing sustained mathematical exposition, critical analysis, and revision based on feedback. Students complete multiple substantial writing tasks over the semester, including an expository mathematical note, a guided analysis of a research paper, and a final capstone paper that integrates and refines earlier work. These assignments require students to explain mathematical ideas clearly to an audience of their peers, analyze and interpret mathematical sources, and develop structured written arguments, rather than simply presenting routine problem solutions.
