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ABSTRACT

We propose a new kernel and frame based dimension reduc-
ing algorithm by exploiting the synergy between endmem-
bers and kernel based classification schemes. This synergy
becomes available by means of utilizing the notions of frames
and frame representations.

1. INTRODUCTION

In many applications of machine learning, data mining, and
image processing, high dimensional data is collected. Al-
though the collected data is high dimensional, often it is the
case that the data is intrinsically low dimensional. We think of
this data as lying in a subspace or a manifold embedded in the
larger space. Dimensionality reduction is the transformation
of this data from a high dimensional space to a low dimen-
sional space. Hopefully, the transformation creates a repre-
sentation of the data that is low dimensional yet still preserves
certain properties of the original data, e.g., [1], [2]. The goal
of dimensionality reduction is to nd the minimum number of
parameters (dimensions) necessary to account for the data.
Dimensionality reduction techniques include: principal com-
ponent analysis, locally linear embedding, neural networks,
and genetic algorithms.

The novelty of our approach is based on the introduction
of frame representations into the above DR scheme, instead of
(orthonormal) bases. Our frames are data-dependent and are
based on endmember demixing schemes like, e.g., [3], [4].
These frame representations yield multiple frame coefficient
maps, which are then optimized with respect to the sparcity
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of the coefficients, and other measures. These concepts are
explained in more detail below.

2. ALGORITHM DESCRIPTION

Given a hyperspectral data set X = {xi}Ni=1 ⊆ RD consist-
ing of N pixels in D dimensions, we propose the following
algorithm for processing X: 1.) Landmarking, 2.) Kernel
Application, 3.) Out of sample extension, 4.) Endmember
selection, 5.) Frame coefficients. Steps 1 and 3 enable the
algorithm to run on large data sets. In step 2, we use kernel
eigenmap methods to reduce the dimension of the data set X ,
thus creating a low dimensional data set Y = {yi}Ni=1 ⊆ Rd

that preserves the local geometry of X . Y consists of N
d-dimensional data points, one for each element of X . We
assume d < D. Step 4 selects endmembers for the lower
dimensional data set Y . Unlike traditional endmember appli-
cations in which the the number of endmembers is fewer than
the dimension of the data, we select more endmembers than
the reduced dimension d. This creates a frame [5], Φ, for Rd

by which we can represent the low dimensional data points
Y . Frames provide overcomplete representations which gives
flexibility in representing mixtures and pure elements. Step 5
computes the frame coefficients of the data points Y in terms
of the endmembers Φ. There are infinitely many such frame
representations - we highlight certain ones that are well suited
for classification purposes.

2.1. Landmarking

Our first step is to reduce the complexity of the kernel eigen-
map algorithm by selecting a subset of X on which to com-
pute the kernel. We denote this subset as Z = {zi}ni=1 ⊆ X ,
where n� N . Our current results select the set Z uniformly
at random from the set X . In the future we plan to investigate
more systematic ways by which to sample X .

2.2. Kernel Application

Given Z ⊆ X , we construct a kernel for Z. Our results
thus far focus on the locally linear embedding (LLE) ker-
nel [2]. The general nature of our framework, though, al-



lows for the use of any kernel eigenmap method, including,
e.g., Laplacian eigenmaps [1] or Isomap [6]. We diagonal-
ize the resulting kernel K and select the d eigenvectors cor-
responding to the d smallest non-zero eigenvalues. Denote
the jth smallest non-zero eigenvector by vj , and let the ith

entry of vj be denoted by vj(i). The reduced dimension co-
ordinates for the sampled points zi ∈ Z are then given by
yi = (v1(i), v2(i), . . . , vd(i)) ∈ Rd, for all i = 1, . . . , n.

2.3. Out of Sample Extension

Given the n low dimensional coordinates {yi}ni=1 corre-
sponding to the sampled set Z = {zi}ni=1 ⊆ X , we wish to
extend these new coordinates to all of X via an out of sample
extension [7]. To do so we extend the definition of k-nearest
neighbors to include reference points x ∈ X that are out of
sample:

Nk(x) = {z̃ ∈ Z | z̃ is one of the k closest points to x}.

Notice that while the reference point may now come from X ,
the neighbors are still selected only from the sampled points
Z. In the case of LLE, if x ∈ X is out of sample, then we
define the new low dimensional coordinates of x as:

yx =
n∑

i=1

yiw(x, zi),

where w(x, zi) is the weight of zi in the LLE reconstruc-
tion of x using the k-nearest neighbors selected only from the
sampled values Z. After a suitable re-indexing of the low di-
mensional coordinates, we are left with a set Y = {yi}Ni=1 ⊆
Rd, where yi is the new low dimensional representation of the
original high dimensional data point xi ∈ X ⊆ RD.

2.4. Endmember Selection

The fourth step in our algorithm is to select endmembers for
the low dimensional space Y ⊆ Rd. Traditional applications
of endmember algorithms are run on the original high dimen-
sional data set X ⊆ RD, and if s denotes the number of end-
members, then s < D. Since we are finding endmembers for
the space Y , we propose finding s > d endmembers, thus cre-
ating a frame Φ = {ϕi}si=1 for Y . Frames arise naturally in
dimension in reduction, and are in fact a generalization of or-
thonormal bases. There are many endmember selection algo-
rithms available, e.g., N-FINDR [8], ORASIS [9], and Pixel
Purity Index [10]; see also [11] and [4]. The results of this
paper employ the Support Vector Data Description (SVDD),
see, e.g., [3] algorithm for selecting endmembers. The core
idea of SVDD is to obtain a minimal spherical shaped bound-
ary around the data set, which in turn gives a description of
the data in terms of a set of support vectors.

2.5. Frame Coefficients

Given a frame Φ = {ϕi}si=1 for Y , we shall find a set of
coefficients C = {ci,j}N,s

i,j=1 that represents Y in terms of Φ:

yi =
s∑

j=1

ci,jϕj for all i = 1, . . . , N.

We propose two separate ways to find C. The first is based
on the frame operator S : Rd −→ Rd, which is:

Sy =
s∑

i=1

〈y, ϕi〉ϕi for all y ∈ Rd.

For any frame Φ, the frame operator S is invertible, and in
fact gives the following representation:

y =
s∑

i=1

〈y, S−1ϕi〉ϕi for all y ∈ Rd.

Thus, we can define the coefficient set C = {ci,j}N,s
i,j=1 as:

ci,j = 〈yi, S
−1ϕj〉 for all i = 1, . . . , N, j = 1, . . . , s.

The coefficients {ci,j} are called the canonical coefficients
and they minimize the `2 energy of the coefficient set C. An
alternative to the canonical coefficient set is to find sparse co-
efficient representations. Such coefficients are found by min-
imizing the `p energy of the coefficients, where 0 < p ≤ 1:

ci,· = arg min
c̃
‖c̃‖`p subject to yi =

s∑
j=1

c̃jϕj .

3. RESULTS

The results of this section are based on the Smith Island
PROBE2 HSI data published by C. M. Bachmann et al. in
[12], [13], [14], [15].

The Smith P20011018 data set consists of 640976 pixels,
broken into 22 distinct classes. The results of the Smith trial
were obtained with the following settings:

• Kernel: LLE

• Number of neighbors: 50

• Number of samples: 40000 pixels

• Number of reduced dimensions: 21

• Endmember algorithm: SVDD

• Number of endmembers: 69

• Type of coefficients: canonical

• Classifier: vector angle

Sample coefficient maps and a pseudo-color image of Smith
Island are given in figure 3.

Classification results are summarized in table 1. Here #
denotes the number of samples, #c denotes the number of
correctly identified samples, #fp denotes the number of false
positives, and #fn denotes the number of false negatives.



Fig. 1. Frame coefficient maps of Smith Island



Table 1. Smith trial ground truth results
# #c % #fp #fn

phrag4 196 138 70% 68 58
scirpus 246 155 63% 55 91
juncus 184 116 63% 33 68
patens 66 57 86% 33 9
distichlis 97 90 93% 18 7
andropogon 57 38 67% 9 19
ammophila 32 25 78% 29 7
mud 70 63 90% 25 7
alterniora 200 182 91% 60 18
borrichia 90 84 93% 24 6
salicornia 76 58 76% 3 18
iva 58 49 84% 51 9
pine 166 134 81% 59 32
hardwood mixed 328 193 59% 41 135
pond water 105 69 66% 3 36
sand 159 157 99% 0 2
wrack 144 97 67% 11 47
myrica 167 132 79% 54 35
seaoats 18 13 72% 0 5
typha 44 18 41% 59 26
Water Nshore 206 206 100% 0 0
SubmergedNets1 34 34 100% 0 0
Total 2743 2108 77% 635 635

Table 2. Smith competing ground truth results (total only)
# #c % #fp #fn

Raw data 2743 1957 71% 786 786
SVDD 2743 2088 76% 655 655
LLE (d = 19, . . . , 25) 2743 2059 75% 684 684
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