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A story ...

Several prominent results from the 1970s:

Classification of AF algebras (Bratelli, Elliott).

Classification of almost normal operators (Brown-Douglas-Fillmore).

The covering index theorem (Atiyah-Singer).

None were (explicitly) proved using K -theory originally ... but K -theory made them whole.

This lecture: another example (we’ll define the K0 and K1 groups along the way).
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Fredholm Toeplitz operators

s: the unilateral shift on `2pNq, s : δn ÞÑ δn`1.

T :“ C˚psq, the Toeplitz C˚-algebra.

1´ ss˚ is the projection onto spanpδ0q, and for any n,m P N

smp1´ ss˚qps˚qn “ em,n : δn ÞÑ δm.

So: T contains K “ Kp`2pNqq (as an ideal), and

T {K “ C˚psq – CpEq

for some non-empty E Ď S1.

For z P S1, define uz P Up`2pNqq by uz : δn ÞÑ znδn. Then

u˚z suz “ zs.

Hence z ¨ E “ E , so E “ S1.
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Fredholm Toeplitz operators

We have proved a classical theorem:

Theorem (Coburn, 1967)

There is a short exact sequence

0 // K // T σ // CpS1q // 0 .

In particular: a is invertible in T {K if and only if σpaq : S1 Ñ C takes values in GLpCq.
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Fredholm Toeplitz operators

Step back:

Theorem (Atkinson, 1951)

For an operator a P BpHq, the following are equivalent:

a is invertible in BpHq{KpHq;
kerpaq and impaqK are finite dimensional, and the range of a is closed.

The class of operators in the above theorem are called Fredholm, and the associated index is

Indexpaq :“ dimpkerpaqq ´ dimpkerpa˚qq P Z.

For example, Indexpsq “ ´1, and more generally

Indexpsnq “ ´n, Indexpps˚qnq “ n.

Theorem (Dieudonné, 1943)

(Dieudonné, 1943) The index of a Fredholm operator a depends only on the path component of a
in GLpB{Kq.
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Fredholm Toeplitz operators

Back to

0 // K // T σ // CpS1q // 0 .

For Fredholm a P T , Indexpaq only depends on

rσpaqs P π0pCpS
1qˆq “ rS1,Cˆs.

Theorem ((essentially) Noether, 1921)

For any Fredholm operator a P T ,

Indexpaq “ ´pwinding numberqpσpaqq.

Proof.

rS1,GLpCqs

wind-# –

��

Index // Z

Z

:: .

Computing both compositions on the unilateral shift, “99K” is “ˆ´ 1”.

(Important point I skipped over: Index is a homomorphism).
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Fredholm Toeplitz operators

Look again at:

rS1,GLpCqs Index // Z .

This is a special case of a general map

K1pBq
B // K0pI q

associated to any short exact sequence of C˚-algebras

0 // I // A // B // 0 .

Remaining goal of this talk: explain this.
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The K0 group

Let A be a unital C˚-algebra (or a unital ring; more generally, A could have an approximate unit of projections).

Let InpAq be the set of idempotents in MnpAq, and define

I8pAq :“
8
ğ

n“1

InpAq.

Let „ be the equivalence relation on I8pAq generated by

e „ f if e and f are in the same path component of some InpAq.

InpAq Q a „

ˆ

a 0
0 0

˙

P In`1pAq.

Define V pAq :“ I8pAq{ „.
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The K0 group

Define a binary operation ‘ on I8pAq by

e ‘ f :“

ˆ

e 0
0 f

˙

,

so I8pAq becomes a semigroup.

Some basic properties:

‘ descends to a well-defined binary operation on V pAq.
This operation makes V pAq a commutative monoid with identity element r0s.
(e.g. r0, π{2s Q t ÞÑ

ˆ

cosptq sinptq
´ sinptq cosptq

˙ ˆ

e 0
0 f

˙ ˆ

cosptq ´ sinptq
sinptq cosptq

˙

shows that e ‘ f „ f ‘ e).

Every class in V pAq contains a projection.
Moreover, for projections, p „ q if and only if there exists v such that vv˚ “ p and v˚v “ q
(partially proved in the problem session).
So:

V pAq :“
P8pAq

Murray von Neumann equivalence
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The K0 group

Examples:

A “ BpHq. p „ q if and only if rankppq “ rankpqq
(as p „ q if and only if there is an isometry v : imppq

–
Ñ impqq).

So:

V pAq – t0, 1, 2, ..., u if dimpHq is finite (and throw in all the cardinal numbers up to dimpHq if not) .

with the usual addition
(as rankpp ‘ qq “ rankppq ` rankpqq).

Similarly, (for H ‰ 0) V pKpHqq – N via p ÞÑ rankppq.
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The K0 group

Definition (sort of)

K0pAq is the unique abelian group equipped with a monoid homomorphism V pAq Ñ K0pAq, with
the property that for any other monoid homomorphism V pAq Ñ G to an abelian group, the
diagram

V pAq //

##

K0pAq

D!

��
G

can be filled in with a group homomorphism.

(To show this makes sense, take K0pAq to be e.g. the free abelian group generated by the elements of V pAq, modulo the relations rp‘ qs “ rps ` rqs).

Examples:

K0pBpHqq –
"

Z 0 ă dimpHq ă 8
0 otherwise (as α ` β “ β for any cardinals α ď β with β infinite, so α “ 0 as we are in a group).

K0pKpHq – Z.

If A is non-unital, K0pAq is the subgroup of elements of K0p
rAq that go to zero under the canonical map K0p

rAq Ñ K0pCq.
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The K1-group

For a unital C˚-algebra (or Banach algebra) A, define

GL8pAq :“
8
ğ

n“1

GLnpAq

Let „ be the equivalence relation on GL8pAq generated by

a „ b if they are in the same path component of some GLnpAq.

GLnpAq Q a „

ˆ

a 0
0 1

˙

P GLn`1pAq.

Define K1pAq :“ GL8pAq{ „.

Example:

K1pCpS
1qq “ lim

nÑ8

«

rS1,GLnpCqs , a ÞÑ

ˆ

a 0
0 1

˙

ff

.

We already saw that rS1,GL1pCqs – Z, and geometric topology (“Schubert cells”) tells us that all the
maps in the limit above are isomorphisms.
As rS1,GL1pCqs Ñ rS1,GLnpCqs is split by the determinant map, we have

K1pCpS
1qq

–
Ñ Z, rus ÞÑ wind-#pdet ˝ uq.
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The boundary map

Lemma (Whitehead)

Let π : AÑ B be a surjection of unital C˚-algebras (or rings). Then for any invertible element u of

B, there is an invertible element u of M2pAq lifting

ˆ

u 0
0 u´1

˙

.

(u need not lift to an invertible element of A. e.g. A “ Cpunit disk in Cq, B “ Cpunit circleq, π equals restriction, and upzq “ z).

Proof.

In M2pBq
ˆ

u 0
0 u´1

˙

“

ˆ

1 u
0 1

˙ˆ

1 0
´u´1 1

˙ˆ

1 u
0 1

˙ˆ

0 ´1
1 0

˙

.

The right hand side lifts to an invertible element of M2pAq.
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The boundary map

Consider now a short exact sequence

0 // I // A // B // 0 .

Given u P MnpBq invertible, lift

ˆ

u 0
0 u´1

˙

to invertible v P M2npCq. The boundary of u is

Bpuq :“

«

v

ˆ

1 0
0 0

˙

v´1

ff

´

«

ˆ

1 0
0 0

˙

ff

in K0pI q.

This process induces a well-defined boundary homomorphism

B : K1pBq Ñ K0pI q.

It does not depend on the choice of v .
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The boundary map

Back to

0 // K // T // CpS1q // 0 .

(what follows generalizes to any C˚-algebra containing K as an “essential” ideal).

Let a P T be Fredholm, and choose b P T such that ab “ 1´ e and ba “ 1´ f with e the
projection onto kerpa˚q “ impaqK, and f is projection onto kerpaq.

One computes (exercise!) that with v the “Whitehead lift” defined using a and b

v

ˆ

1 0
0 0

˙

v´1 “

ˆ

1´ e 0
0 f

˙

so we get

Brσpaqs “

«

v

ˆ

1 0
0 0

˙

v´1

ff

´

„

1 0
0 0



“ rf s ´ res“ “ ”Indexpaq.
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The boundary map

K -theoretic picture of B : K1pCpS1qq Ñ K0pKq immediately lets us deduce

Theorem (Gohberg-Krĕın, 1958)

Let a P MnpT q be a Fredholm Toeplitz operator on `2pNq‘n. Then

Indexpaq “ ´pwind-#qpdet ˝ σpaqq.
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Tying up

In general, we get functors K0 and K1

`

C˚-algebras , ˚-hom.s
˘

Ñ
`

Abelian groups , hom.s
˘

Given a short exact sequence 0 Ñ I Ñ AÑ B Ñ 0, there is a functorial “six-term exact
sequence”

K0pI q // K0pAq // K0pBq

exp

��
K1pBq

B

OO

K1pAqoo K1pI qoo

.

The deepest fact that goes into this is (a slightly stronger version of)

Theorem (Bott, 1956)

lim
nÑ8

«

rSk ,GLnpCqs , a ÞÑ

ˆ

a 0
0 1

˙

ff

–

"

Z k odd
0 k even

(discussed for k “ 1 already). This is used to define “exp”.
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