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1. AMENABLE GROUPS

Throughout' we let T' be a discrete group. For f: I' — C and each s € I" we define the left translation
action by (s.f)(t) = f(s~1t).

Definition 1.1. A group I' is amenable is there exists a state p on [°°(I") which is invariant under the left
translation action: for all s € I' and f € I°°(T"), u(s.f) = p(f).

Example 1.2. Finite groups are amenable: take the state which sends x4 to ﬁ for each s € I'. One can
also see that abelian groups are amenable through the Markov-Kakutani fixed point theorem. Furthermore,
the class of amenable groups is closed under taking subgroups, extensions, quotients, and inductive limits.

Hence we can construct further examples from finite and abelian groups.

Example 1.3. Suppose I is finitely generated by S = {s1,...,s4} (and that S™!' = S). One can then
consider the Cayley graph of I' where vertices are group elements and edges connecting two group elements
imply they differ by one of the generators in S. We place a metric on this graph by letting d(s, t) by counting
the “word length” of s~!'t (with the generators as our usable letters). A property of interest is how |B(e,r)],
the ball centered at the identity element of radius r, varies with r; that is, the growth rate of the group.
It turns out that groups with subexponential growth are always amenable.

Example 1.4. I' = Fy is non-amenable: let a,b € Fy be the two generators then let A* is the set of all
words starting with a. A~ is the set of all words starting with a~!, and we define B* similarly. Lastly, we
set C := {1,b,b%,...}. We note that we can decompose Fy in the three following ways:
Fo=ATUA U(BT\C)U(B-UQC)
= A" UaA™
=b"Y(BT\O)u(BTUCQC).
If we had a state p on [°°(T") which was invariant under left translation then we would obtain:
1= pu(1) = p(xa+ +xa- +xpr\c + XB-uc) = pxa+) + p(xa-) + pxsnc) + 1xs-uc)
= p(xa+) + plaxa-) + /v‘(bil-XBJr\C) + u(xs-uc) = u(Xat+ + Xaa-) + #Xxo-1B\c + XB-UC)
= p(1) +p(l) =2,

a contradiction.
Our goal is to prove the following theorem:

Theorem 1.5. For ' a discreet group, the following are equivalent:

1) T is amenable;

2) T has an approzimate invariant mean;

3) T satisfies the Folner condition;

4) The trivial representation 1o is weakly contained in the the regular representation A (i.e., there exist
unit vectors & € 12(T') such that ||As(&;) — &l — 0 for all s € T);

(5) there exists a net () of finitely supported positive definite functions on ', with ¢;(e) =1 for each 1,
such that @; — 1 pointwise;

(6) C*(T) = C3(T);

(7) Cx(T') has a character (i.e., one-dimensional representation);

(
(
(
(

!These notes were adapted from [1], to which we direct the reader for more information and less detail.
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The main obstacle to proving this theorem is that we don’t understand what most of it is saying. Con-
sequently we’ll parse the theorem as we go (rather than drowning the reader in definitions). The plan is to
prove the cycle (123456 7) and then (4 8). We shall additionally prove (4) = (6) in case the reader finds
condition (5) distasteful.

(8) for any finite subset E C T, we have

1
EZ)\S =1.

seE

Definition 1.6. For a discrete group T, let Prob(I") be the space of all probability measures on I':
Prob(T) := {u € I"(T"): u > 0 and Z,u(t) =1}
ter

Then we say I" has an approximate invariant mean if for any finite subset £ C I and € > 0, there exists
i € Prob(T") such that

max [|s.p — pfls <e.

Proof of (1) = (2). Let p be an invariant mean on [*°(I'). We claim there is a net (p;) C Prob(I') which

converges to u weak™ as elements of [*°(I")*. Suppose not, then p ¢ Prob(T") " and since Prob(T") is convex
the Hahn-Banach separation theorem implies there is some f € [*°(T') and t < s € R such that

Re [v(f)] <t <s <Re [u(f)],

for all v € Prob(I'). Upon replacing f with f%f we obtain v(f) < ¢t < s < p(f). Then replacing f with
f+fllso (and t,s with ¢’ =t + || f|loc, 8’ = s+ || flco) ensures that f > 0. Consequently sup{v(f): v €
Prob(I")} = || f]leo and yet

[flloc = sup{v(f): v € Prob(I)} <t <'s < pu(f) < flle;

a contradiction.
Hence we can find a net (y4;) in Prob(I") which converges to y in the weak* topology. Thus for each s € I’

and f € [°°(T) we know s.p;(f) — wi(f) — s.u(f) — u(f) = u(f) — p(f) = 0. But since the u; € I*(T), this
is equivalent to saying they converge weakly to zero in [*(I"). Thus for any finite E C T, the weak closure of

the convex subset @, p{s.; — pu: p € Prob(I')} contains 0. As a convex set, the weak and norm closures
coincide by the Hahn-Banach theorem. Hence given € > 0 we can find v € Prob(T") such that

Z |sv—v—0|1 <e

seE
Hence we have an approximate invariant mean. O
Definition 1.7. We say I satisfies the Fglner condition if for any finite £ C I" and € > 0, there exists a

finite subset F' C I'" such that
|sFAF
max ———— < €.

sek |F|
That is, the action of F does not move F' around “too much.”
Furthermore, a sequence of finite sets F;, C I" such that

[sFRAFy,|
| Fl

is called a Fglner sequence.
Proof of (2) = (3). Fix a finite subset E C I' and € > 0. Since we have an approximate invariant mean we

can find p € Prob(I") such that
> s —plh <e.

selr
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Given a positive function f € [*(I') and r > 0, we define a set F(f,r) := {t € ': f(t) > r}. Now, note that
for a pair of positive functions f,h € I'(T') and t € T, |xp(s,r) (t) = Xp(n,» ()] = 1 if and only if 7 lies between
the numbers f(¢) and h(t). Furthermore, if f and h are bounded above by 1 then it follows that

1
F(8) — h(t)] = / X () — Xohmy ()] dr-

We apply this to p and s.p to get

s = palls = D sepult) — p(t)] = Z/O IXF(s.pur) () = XF () (B)] dr

tel tel

1 1
- / S g () — Xy ()] dr = / \F (5.1, 1) AF ()| dr

tel
1
— [ IsF s AF ) dr
0

Also, we have

1 1 1 “
/0 \F(u,r)] dr = / S Xrun (1) dr = 3 / NGy dr =3 / (1 dr =3 pu(t) =1.

tel tel tel tel

Thus

e [ 1P = > S ey = [ 3 18P A dr.

sEE 0 ser

So for some r we must have

7 [sF () AF (1,7)] < €l F (. 7).
seE

Letting F := F(u,r) we are done. O

For the next implication we will ignore the first version of the statement and instead focus on the later,
equivalent condition. We only need to understand the left regular representation. This is a homomorphism
A: T — U(I1*(T')) where the image of s € T is denoted \g and for f € I2(T) (Asf)(t) = f(s71t).

Proof of (3) = (4). From the Fglner condition build a Fglner sequence (F;) (by letting e = 1,3, %,...) set
& = |F;|~Y?xp,. Then ¢ € [2(T are unit vectors and

2

1 1
As(&) = &ll3 = Z As(&) (1) — &) = Z WXE:(S*I??) TR AEXE (t)
ppar IIF |F3
_ 1 2 |SFZAFZ|
—mg\XsFi(t)—XFi(tﬂ —W*O

Definition 1.8. A function ¢: I' = C is called positive definite if the matrix

[‘p(s_lt)]s,tEF S M|F\><|F\ ((C),
is positive for every finite set F' C T.

Proof (4) = (5). For a unit vector & € [2(T'), define o(s) := (As€,€)2(r)- Then we claim that ¢ is positive
definite. Indeed,

[o(s71)] = [(As=166,€)] = [N, €)] = [(Ae, As8)],
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Let n = |F|, F = {t1,...,tn}, and fix v = (21,...,2,) € C". It suffices to show ([p(s™'t)]v,v) > 0. We
compute

<At1€7 )‘t1§> e <>\tn§7 >‘t1£> 21 <)‘f/1§7 )‘t1£> Z1+ -+ <>\tn§7 >‘t1€> Zn
[(Ae&, As&)]v = : : S :
A& A8 (AL A6 Zn (A& AL, ) 21+ 4+ (M, & A 6) 2
<Zl)\t1£7 )‘t1§> + <Zn>\tn£7 )‘t1£>
(z1A6, &, Ar, &) + - + (20 e, &5 At 6)
Z?:l <Zi/\ti£a )‘t1§>
Z?:l <Z74>\t1§7 )‘t1§>
and so
Z?:l <Zi/\ti§7 Aty €) 21 n on n n
([, Ao, v) = : =2 D (&) 7 =) D (2 2A8)
iy (2, & AL 6) Zn j=14=1 j=14=1
n n n 2
= <Zzi)\ti§,z,zj)\tj§> = Zzi/\tié 2 0.
i=1 j=1 i=1

Hence ¢ is positive definite. So letting (&;) be the unit vectors from condition (4) and setting ¢;(s) :=
(Ns&i, &) we know p;(e) = 1 and from our above work that these functions are positive definite. From
condition (4) we also know that they converge pointwise to 1. In order to make them finitely supported we
need merely replace the & with finitely supported elements. O

Starting with a discrete group I' we can consider the group algebra C[I'] = {31 o - ti:n € N, oy €
C, t; € T'} with addition and multiplication defined in the obvious ways and an involution defined by

n * n
=1

=1

We want to extend this into a C*-algebra, but there are multiple norms we use. On the one hand we can
extend the left regular representation A to a *-representation of C[I'] on I?(T'), still denoted by A, by

A (i @ t) = iai)\ti € B(I*(I)).
i=1 i=1

The reduced C*-algebra is then what we obtain by taking the closure of A(C[I']) with respect to |- ||zu2(r));
we denote it by C3(I'). On the other hand, the left regular representation A: I' — U(I*(I")) is merely one
representation of our group. Hence we can consider the norm

|z]|w = sup{||7(z)|[gx): 7: T — U(H) is a *-representation}.

This easily satisfies the C*-identity. The full (or universal) C*-algebra of T is the closure of C[I'] with respect
to || - ||l and is denoted C*(T").

Thus assuming (5) we’ll need to show that these two C*-algebras coincide. But we first note that since
[IA(z)]| < ||zl for z € C[T'], A extends to C*(I") (which we still denote \). It is clear that this is onto C(T")
(since C[T'] € C*(T")). We’ll need the following:

Definition 1.9. Let ¢: I' — C be a function. The associated multiplier m,,: C[I'] — C[I'] is defined by

My (Z ay - t> = Z o(t)oy - t.

tel tel
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We also define i, : A(C[I']) = A(C[I']) by

My <>\ <Z a t)) =1, (Z at)\t> = otk

tel tel tel

Lemma 1.10. Suppose ¢ is finitely supported, positive definite, and p(e) = 1. Then my, extends to a
continuous map on C*(I') and M, extends to a continuous map on CX(T") both with norm one.

Proof. First consider the case when ¢ = d. (i.e. ¢(t) = 1if t = e and p(t) = 0 otherwise). Let 7(x) =
(A(@)de, 0e) 2y for z € C*(T'), then 7 is a tracial state. For « € C[I'] we compute:

[me(@)llu = [I7(2) - ellu = [T(@)[llellu = |7(2)] < [[2]]

Hence we can extend m,, to C*(I") with norm one.
Let 7(T) = (T&e,ée)lz(r) for T € B(I*(T)), then 7 is a tracial state. For x € C[I'] we compute:

[ A@))]| = ITA@)Aell = [FAE@)IAe]l = [FA@))] < [IAG)]]-

so that m,, extends to C5(I") with norm one.
Next consider the case ¢ = d; for t € I'. Since

[ (@)lu = | {A(®)de, 6t) - tllu = | (AM@)de, Arde) - tllu = [| (A1 A(2)de, be) - tu
= |r(¢ )t = [T )t < 1t 2l < ll2ll,

we see that m,, again extends to C*(I") with norm one. A similar computation for m,, involving 7 yields an
extension in the reduced C*-algebra case as well.

Thus for a finitely supported ¢ we can write ¢ = >, 1 ¢(t)d; and so my, = >, p(t)ms,. Extending
each of the finitely many ms, yields an extension for m,. But since ¢ is positive definite, m,, is positive and
hence attains its norm at the identity: ||me|| = [|me(e)]| = |¢(e)] = 1. A similar argument applies in the
reduced C*-algebra case. (|

Proof of (5) = (6). By our previous comments, we know A: C*(I') — C5(I') is onto and hence it remains to
show A is injective.

Let (¢;) be the net in condition (5). By the above lemma, we can define multipliers m,, and ., on C*(I")
and C}(I") respectively, each with norm one. We note that A om,, = m,, oA on C*(I') since both functions
are continuous and agree on the dense subspace C[I']. Now, since ¢; — 1 pointwise on I', my, (z) — x for
x € C[I']. Since the norms of the m,, are uniformly bounded by one and C[I'] is dense in C*(T"), this limit
holds for z € C*(I") as well.

Now, suppose x € C*(I') and A(z) = 0. Then

Almg, () = 1y, (A(x)) = 0,
for every i. But since y; is finitely supported we know my, (z) € C[I'] and hence A(my,(z)) = 0 implies

my, () = 0. Hence x = lim; my, () = 0 and so A is injective. O

Proof of (6) = (7). C*(T") always has a one-dimensional representation since the trivial representation C[I']
doap -ty o € Cis always subordinate to || - ||, (as all *-representations are). Hence C}(I') = C*(I'0
has a character. ]

We require a lemma;

Lemma 1.11. Let A be a unital C*-algebra and p: A — C a state. If x € A satisfies p(x*x) = |p(z)|? then
forallye A
p(ry) = o(x)p(y) = e(yz).
Proof. Let (m,,&,H) be a GNS representation. Then
[ ()€l = (T ()€, Tp(2)) = (mp (a7 @), €) = (a*x) = |p(2)* = | (m(2)€,€) |* < [|me (2)€]1%,
where the last inequality comes from applying Cauchy-Schwarz. However, we in fact have equality and we

know that equality occurs in Cauchy-Schwarz only when the two vectors are scalar multiples of one another.
Hence 7, (x)¢ = X for some X € C. In fact,

A= (X, §) = (mp(2)€,8) = ¢(x).
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Now, for any y € A we have
p(y) = (e (yz)€, &) = M (y)€, &) = Ap(y) = (@) e(y)-
A similar computation using the fact that p(z*) = ¢(x) = X show this is also equal to ¢(zy). O

Proof of (7) = (1). Let 7: C5(I') — C be a character. Then in particular it is also a state. Thus using
Hahn-Banach we can extend it as a linear functional to B(I?(T')) in a norm preserving manner. But then,
since it attains it’s norm at the identity (since 7 did initially) it is positive. Denote this extension by ¢. We
note that for all s € T, o(AiXs) = (1) = 1 = |[7(A)]2 = |p(As)|?. Now, given f € [°°(T'), we note that
s.f = AsfA* as operators on [?(T'). Indeed, let & € [?(T") then

[ FADENE) = [(FADE(sTH) = F(sTONEN(sTHE) = F(sT &) = (s./)(D)E) = [5-FE](8),
for all t. Hence (AsfA5)E = s.f€. Consequently,
p(s.f) = (A fAS) = (X))o (f)e(XT) = »(f),

where we have applied the above lemma in the second equality. This means ¢| 15 (I") is a state on [*°(T")
which is invariant under the left translation action; that is, I' is amenable. O

Proof of (4) < (8). First assume the conditions in (4). Let E C I be a finite subset. Then

1
PR
sek

1
|E‘ sekE
oo

and

1 =lim = lim ,
3 7

1
EZ@

seE

1
E Z )\sgi

selE

1
=T E As
~ | 1B
2 2 seFE 0o

so (8) holds.

Conversely, suppose (8) holds. Let E be a finite and symmetric set (E = E~!). Then the operator
S = ﬁ > scr As has norm one and is self-adjoint. Hence for any € > 0 we can find a unit vector £ € 1?(T")
such that | (S€,€)| > 1 —e. Let [¢] be the pointwise absolute value of £, then

1—e < |[(S6,6) | = D _(SO®)EMD)

tel

< D ISH@INED] < D (SIEN@IENE) = (Slel, 1€

tel tel

- ﬁZwa,m.

seE

Since each (Xs|¢],|€]) < 1 and |E]| is fixed, for sufficiently small e all the numbers (||, |£]) must be close
to 1. And since

IXsl€l = 1€17 = IIXs[€ I + EN* = 2 (Aslel 1) = 2 = 2 (Asel, leD)

we can make [[Ag]€| — [¢]]| small. Let §g ) be || as above, corresponding to £/ and e. Ordering the net
{&(B,e) by (E,€) < (F,6) iff E C F and € > 0, gives us (4). O

This finishes the proof of the theorem. We finish with a way to prove (4) = (6), if the reader finds
condition (5) unnecessary. We first need a lemma:

Lemma 1.12 (Fell’s Absorption Principle). Let m be a unitary representation of I' on H. Then, A ® 7 is
unitarily equivalent to A ® 1.

Here A®(t) is an operator on [?(T', H), i.e. I functions on I" with image in H. Such functions are usually
written as Y, §; ® & where &, € [(I') and & € H. Hence (A @ m(s))(3, 6 @ &) = D, (Asbt) ® (m(5)&2).

Proof. Define a unitary U on [?(T') ® H by
Z6t ®£t — Z§t ®7T(t)§t

tel t
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This is unitary since 7 is a unitary representation. We compute

UA®1(s (Z(?t@&t): (Z(/\dt ®5t>= (Zzsst@gt)

t

=U (Z 6r ® §51T> = Z or @ W(T)gsflra

and

A@7(s (Zét@)ft) A@m7(s (Z(ﬁ@ﬂ ) Zést®7r (st)& = Zéw Vo1,

]

Proof (4) = (6). Let m: T' — U(H) be a x-representation. Let (&) be the net from condition (4). For
x € C[I'] and n € H a unit vector we have

(m(@)n,m) = lim (7 @ A(2))(n @ &1 @ &)) < |7 @ A@)|| = 1@ A@)]| = [A@)],
where we have used Fell’s absorption principle in the second to last inequality. Thus

[m(@)] = sup |(m(z)n,n) | < [[A()]].

lInll=1
As 7w was an arbitrary x-representation, this shows ||z, < [[A(z)]]. O
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