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Abstract

Let ||Allmax := max;,; |A; ;| denote the maximum magnitude of entries of a given matrix A. In
this paper we show that
(CT)Gr

\/ﬁ )
where U, and V,. are the matrices whose columns are, respectively, the left and right singular vectors
of the r-th order finite difference matrix D" with » > 2, and where D is the N x N finite difference
matrix with 1 on the diagonal, —1 on the sub-diagonal, and 0 elsewhere. Here C' is a universal
constant that is independent of both N and r. Among other things, this establishes that both the
right and left singular vectors of such finite difference matrices are Bounded Orthonormal Systems
(BOSs) with known upper bounds on their BOS constants, objects of general interest in classical
compressive sensing theory. Such finite difference matrices are also fundamental to standard rt"
order Sigma-Delta quantization schemes more specifically, and as a result the new bounds provided
herein on the maximum ¢>°-norms of their #2-normalized singular vectors allow for several previous
Sigma-Delta quantization results to be generalized and improved.

max {[|Ur[lmax;, [V [lmax} <

1 Introduction

For a twice differentiable real valued function on R?, the Laplace operator (or Laplacian) is a second-

d
order differential operator given, in Cartesian coordinates, by Af = > g%{. Perhaps one of the simplest
i=1" 1
and most well known properties of the Laplace operator is that in the continuous setting of univariate

functions on the unit interval, its eigenfunctions take the explicit form of sinusoidal functions. For
example, with the homogenous Dirichlet boundary condition

{Aun(ac) = —A\un (),

un(0) = un(1) =0, (1.1)

we have eigenvalues A\, = n?72, and eigenfunctions u,, = sin(nnz), n € Z,. Similarly, replacing the

above Dirichlet boundary condition with a homogenous mixed boundary condition

U, (0) = un(1) =0, (1.2)
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we have A\, = M, and u, = v2cos (M) Higher order Laplace operators in the same

setting have similar eigen-decompositions. Let A, be the 7" order Laplacian obtained via r successive
applications of the Laplace operator, then with the homogenous Dirichlet boundary condition

Avun () = (—1)" Aun(2),
{ n(0) = un(1) = 0 "

the eigenfunctions are identical to those for (1.1) while the eigenvalues are simply raised to the r** power,
so that A\, = n"n".

These examples indicate that eigenfunctions of the continuous Laplacian operator, and its higher order
counterparts, have well-spread energy. In other words, each eigenfunction is not sparse and its support
is not concentrated in any region of the domain. Our main interest in this paper is to explore whether,
and to what extent, this property is preserved after discretization. Despite its apparent simplicity, this
question turns out to be highly non-trivial. We answer this question affirmatively for a specific family
of discretizations of A,. of use in signal processing applications. We believe the proof technique used in
this paper can be generalized to show similar results for many other high-order finite difference matrices
with various boundary conditions. The specific discretizations we shall focus on correspond to a robin-
boundary condition, which naturally arises in at least two different scenarios that motivated this work.
Both of these scenarios are related to the quantization and encoding of finite dimensional vectors, and are
discussed in detail in Section 2 below. Given that discretizations of the Laplace transform are prevalent
in many applications, we hope our basic approach will also be of broader interest.

Let us now consider the specific discrete problem we are interested in. To that end, define the
(bi-diagonal) difference matriz, D € RN*N by its entries

1 ifi=3j
D; ;= -1 ifi=454+1 , (1.4)
0 otherwise

and note that DT D can be viewed as a discretized Laplacian, while for integers r > 2 the matrices D" are
the higher order discretized Laplacians we are interested in (see, e.g., Section 2). More specifically, for an
integer r > 1, consider the singular value decomposition of D" = UXV™* where U and V are orthonormal
matrices and Y is a non-negative diagonal matrix. Our goal, ultimately, is to control the £*° norm of
the singular vectors v; (resp. u;), which form the columns of V' (resp. U). An equivalent version of the
question, which we consider herein, is to bound the £°° norm of the eigenvectors of (D")T D" = Vx2V'T.

A few observations are in order to help illustrate the challenge at hand (see also Section 1.1 below).
First, when r = 1, the problem is relatively easy and the singular values and vectors admit analytic
expressions taking the form of simple trigonometric functions with [|u;||s = |[|V;lec & N71/2 (see, e.g.,
[27]). This suggests that a direct approach to the problem when r > 2 might work out easily, but
unfortunately that is not the case. The fundamental issue that arises is that, e.g.,

(DTDY # (D)D", (L5)

so that the matrices on either side of the inequality admit different eigen-decompositions. This is in
contrast to the continuous case we saw earlier, where the eigenfunctions of higher order operators are
preserved and the eigenvalues are simply those of the first order operator raised to the rth power.
While inequality (1.5) holds, it is also true that the difference (DT D)” — (D™)T D" appears relatively
well behaved in the sense that it is low-rank and sparse, which gives us hope that we may be able to
appeal to matrix perturbation analysis to control the eigen-decomposition of (D™)T D" in terms of that
of (DT D)". Indeed by appealing to Weyl’s inequalities, [17] (see Lemma 3.3) was thus able to control
the eigenvalues of (D™)T D". The eigenvectors turn out to be a different matter entirely. The standard
approach to eigenvector perturbation is to appeal to some version of the Davis-Kahan sin(©) theorem [8]
(see also [10]). In brief, such theorems state that if the (Hermitian) matrix M = M+ H is a perturbation

of M by H, the subspace spanned by certain eigenvectors of M is close to the analogous subspace spanned



by eigenvectors of M, provided ||H|| is small compared to the gap between the eigenvalues of M and
M. Unfortunately, in our case, [17] (see Lemma 3.3) shows that the eigenvalues are quite close to each
other, so appealing to Davis-Kahan theorems yields vacuous bounds. In recent years, similar problems
in different settings have led to various results yielding eigenvector perturbation bounds, for example
when the matrix H is random and the matrix M admits some structure (see, e.g., [12, 28, 22, 11]).

In contrast with most such works, we must work with deterministic perturbations that are very large
in norm compared to the minimal spectral gap herein, and thus our approach to obtaining eigenvector
bounds is different. Indeed, applying preexisting results to our setting also yields vacuous bounds. Thus,
most of the paper is dedicated to proving the following result via a more direct approach.

Theorem 1.1 (Main Result). Suppose that r > 2, and let o; := o (D") have associated left and right
singular vectors u;,v; € RY for all j € [N]. There erists absolute constants C,Cs > 0 such that if
Cr)®r
(\/)ﬁ _

The proof of Theorem 1.1, while utilizing relatively elementary techniques, is highly nontrivial. In
addition, we note here that while our analysis is specialized to the case of D" for the particular finite
difference matrix D defined in (1.4), much of the proof technique can also be adapted to other higher
order finite difference matrices that implicitly involve different boundary conditions. We refer the reader
to the next section for a more detailed overview of the proof, and to Section 2 for a discussion regarding
why these specific finite difference matrices are so important in some applications. The actual proof of
Theorem 1.1 is then given in Section 3, with Section 4, Section 5, and the appendices devoted to the
proofs of supporting lemmas.

N > C%, we have maxje(n) {[[w;|oo; [[Vjlloo} <

1.1 Some Comments on the Proof of Theorem 1.1

As the reader may have already noticed, the proof of Theorem 1.1 is quite long. Given this preexisting
condition we believe it is appropriate to extend the paper’s length just a bit more to try to explain why the
proof is so lengthy, and why one can not prove the main result more quickly using, e.g., powerful general
purpose perturbation results. In order to get some intuition for the difficulties involved in bounding the
entries of the singular vectors of our difference matrices it is helpful to look at a small example. For
instance, if 7 = 2 and N = 7 the matrix (D?)? D? whose eigenvectors we must consider becomes

6 —4 1 0 0
-4 6 -4 1 0
1

— o O O
O O o O

lelolall

Though (D?)T'D? above clearly has a lot of nice structure, it is important to notice that it is not
quite, e.g., Toeplitz. Furthermore, by appealing to interlacing results for the eigenvalues of (D?)T D? one
can see after some computation that the spectral gaps between neighboring eigenvalues of this matrix
are small (on the order of N~* for the smallest eigenvalues). As a result, the smaller spectral gaps
between neighboring eigenvalues tend to go to 0 relatively rapidly as N grows, making them exceedingly
small with respect to the size of the minimal perturbation needed to make (D?)T D?, e.g., circulant, or
Toeplitz. Similarly, the smallest eigenvalue gaps of the closest circulant/Toeplitz matrices to (D?)T D?
tend to be quite small as well, also going to 0 polynomially in 1/N as N grows. The upshot is that
standard eigenspace perturbation methods such as [8, 10, 12, 11] do not appear to yield meaningful
bounds on the £°°-norms of the eigenvectors in the setting of Theorem 1.1.

We find ourselves in a similar situation if we apply the singular vector perturbation theory to the
asymmetric matrix D2. Note that D? has a singular value gap on the order of O(N~2). If we denote
this singular value gap by §, then state of the art singular vector perturbation results (see e.g. [21])



would bound the distance between the singular vectors of D? and those of its closest circulant matrices
by O(N~=1/25=1) ~ O(N'?) if measured in the ¢2-norm, and by O(N~1§~1) ~ O(N) if measured in the
£2° norm. Crucially, both of these upper bounds blow up as N — oco. Additionally, the situation only
appears to get worse for D" if r is chosen to be larger than 2.

Due to these complications, and inspired by the bravery of, e.g., Strang [25] and Bottcher et al.
[3] in more directly assaulting similar eigenvector problems involving related matrices, we follow their
example herein. More specifically, similar to, e.g., [3] we effectively treat (D")T D" as a banded Hermitian
Toeplitz matrix Hroep With a structured perturbation in its lower right corner. In order to understand
both the structure of the eigenvectors of Hroep, as well as the general structure of the perturbation
P := Hrtoep — (D7)TD", in Section 4 we embed each eigenvector of (D")T D" into the solution of a
simple difference equation with prescribed boundary conditions corresponding to P. We then solve this
difference equation in order to obtain a formula for the entries of each eigenvector v of (D")T D" of the
form

2r
k=1

where the formula parameters ¢/, ..., ¢, p1,...,p2r € C all depend on the (unknown, but bounded)
eigenvalue corresponding to v.

The desired £°°-bounds having already been obtained for all eigenvectors associated with eigenvalues
below a prescribed cutoff in Section 3, the vast majority of the proof of Theorem 1.1 then involves using
(1.6) to bound the ¢*°-norms of the eigenvectors associated with eigenvalues above the cutoff. This
portion of the proof is carried out in several phases. First, the formula parameters p1, ..., p2, in (1.6)
are bounded (above, below, and away from one another) in Section 4.3. Next, in Section 5, the formula
parameters ¢}, ..., ch,. are upper bounded both individually, and in combination with specific powers of
their corresponding p; parameters. These upper bounds are quite delicate and involve bounding the
solutions to an O(r) x O(r) Vandermonde system coming from the boundary conditions corresponding
to P. Finally, the bounds on each v; are then established using (1.6) in combination with the derived
bounds on the ¢}, and p;, parameters. We refer the reader to Section 3 below for additional details and
discussion.

2 Some Applications of Theorem 1.1 in Signal Processing

Discretized versions of the Laplace operator play an important role in various applications. These appli-
cations include numerical analysis, where discrete Laplacians appear as finite-difference approximations
of the (continuous) Laplacian operator, and image processing, where they are used, for example, in
edge detection. Via discretizations of the Laplace-Beltrami operator, they are also important in various
applications involving geometry, including mesh parametrization (see, e.g., [15]). Herein, we focus on
two applications that are related to quantization schemes in signal processing, and that both specifically
benefit from Theorem 1.1.

2.1 Error Bounds for Sigma-Delta Quantization

In various signal acquisition systems ranging from classical ones related to audio and image acquisition, to
more recent ones like compressed sensing [5, 9] (see also [4]), continuum valued samples of signals need to
be converted to digital bits. In order to reduce the quantization error, various quantization schemes have
been developed including Memoryless Scalar Quantization (e.g., [14]), Sigma-Delta Quantization (e.g.,
[7, 16, 19, 17]) and Beta Encoding [6], among others [23]. In particular, the Sigma-Delta quantization
family has received much attention as it generally enjoys both hardware simplicity and favorable error
bounds. Nevertheless, its induced error bounds under certain signal types and measurement conditions
are not entirely understood in part due to a lack of bounds on the singular vectors of D" as considered
herein.



Consider, for instance, the problem of measuring and digitizing a signal modeled as a finite dimen-
sional vector x in B¢, the Euclidean unit ball of R¢, whose entries z; are infinite precision real numbers
that are, e.g., potentially irrational (see, e.g., [1, 2, 24]). In various settings, one can model measurements
of x as inner products with frame vectors f; € R?, i = 1,..., N with N > d. Thus, one has y = F'x € RV,
where the rows of the N X d matrix F' are the vectors f;. Having obtained y, one must digitize it,
i.e., replace its entries by elements of a finite alphabet A, e.g., A = {£1} in order to store it, transmit
it, or process it on digital devices. To that end, consider a particular family of quantization schemes
Q:RY — AN known as Sigma-Delta (XA) quantization schemes. The simplest such scheme is the first
order XA quantizer which works as follows.

Given y = Fx, one computes a vector q € {—1,1}" via the following recursion with initial condition
Ug = 0:

q; = sign (y; + ui-1) (2.1)

Uy = Yi + Uim1 — G (2.2)

for e = 1,2,... N. We may succinctly restate the relationships between the vectors x, u, and q as
Du = Fx—q,

where the matrix D is exactly the one defined in (1.4). Higher order versions of the above quantization
scheme also exist, and in fact often yield better reconstruction errors. With stable higher order schemes,
equations (2.1) and (2.2) are modified so that now

D'u=Fx—q, (2.3)

where ||ul|« is bounded independently of N [1, 2, 19, 24]. With such an approach, one has represented
the underlying vector x € B by N bits (when A = {£1}).

One way to compress (i.e., encode) this N-bit representation without compromising reconstruction
accuracy is explored in [18]. The approach in [18] capitalizes on the potential redundancy in the mea-
surements that is due to having N > d. To encode q, one simply applies the map q — RD~"q, where
R € {0,1}™*N with m < N is a random selector matriz with exactly one nonzero entry per row, which
is selected uniformly at random. Observing that RD~"q can be represented by ~ rmlog(NN) bits, we
see that this representation can be quite parsimonious compared to storing all of q when m < N, pro-
vided we can still recover x faithfully using only m entries from D~"q. Towards such a reconstruction,
rearranging (2.3) and applying R yields Ru = RD™"Fx — RD~ "¢, which upon further manipulation
yields

|(RD™" )t Rull2 = |x — (RD~"F) RD™"q]}». (2.4)

That is, the reconstruction error associated with the above encoding and the decoding RD~"q +—
(RD~"F)TRD~"q can be controlled by ||[(RD~"F)'Rull; < |[(RD~"F)'||||Rul|2. This bound is small
provided the matrix RD~™"F has large singular values.

When r = 1, [18] shows that when the columns of F' are the d singular vectors of D associated with
its smallest singular values, the reconstruction error (2.4) decays exponentially in the number of bits
used for the encoding. Extending this to r > 1 was left as an open problem, with the stumbling block
being the lack of a bound on the singular vectors of D" of the form ||v;|o < C:/%), which is Theorem 1.1
of this paper. Consequently, via minor modifications in the proof of Theorem 3 of [18] combined with
Theorem 1.1 we obtain the following result.

Theorem 2.1. Lete,p € (0,1), and R € {0,1}™*¥ be a random selector matriz. Then, there is a matriz
F € RVN*4 such that D := ’ X — (RD*’”F)Jf RD’TqH2 < O(e,r,d)N" for all x € B with probability at

least 1 — p, when m > C'(r)e~2dIn(2d/p). Here, q is the output of a stable rth order LA quantization
scheme applied to Fx. Furthermore, RD™"q can be encoded using R < m(rlogs N + 1) bits.




From the above theorem one obtains the relationship D(R) < exp (_W) between the bit-

rate R used to encode x and the associated error (or distortion) D, where C” depends on ¢, r, and d.
Note that in the above application, it is entirely impossible to replace D", and hence (D™)T D", by easier
to analyze matrices (i.e., matrices with nicer boundary conditions) such as (DT D)" for two reasons.
The first is that the algorithm naturally works with the matrix D", and more importantly, the boundary
conditions associated with this choice are entirely imposed by the causal nature of the quantization
algorithm. Quantizing the current measurement can only depend on past measurements, and not on
future ones, so D™ in (2.3) (or any realistic substitute) simply must be a lower triangular matriz.

Theorem 2.1 above uses Theorem 1.1 to prove the existence of a matrix F which can be used to
compactly and accurately quantize arbitrary vectors. However, in many applications the matrix F' in
(2.3) is determined by the application, and is not something that the designer of the quantizer can
choose however they like. Thankfully in such settings there are still general formulas that bound the
quantization error for a large class of general matrices F' (see, e.g., [29]), but their theoretical application
again depends on understanding the structure of the singular vectors of D". For example, consider the
following proposition.

Proposition 2.2. ([29] Proposition 2.3) Let F be an N x d matriz with normalized rows. Then, there
exists a decoder such that for any x € column-span(F) N B%, the reconstruction X from the r-th order
Sigma-Delta quantization of x using this decoder obeys

. N\ vN
Ix=xl23 ) —7 =
¢ Umin(Vr,N,lF)

for any ¢ with d < £ < N. Here V,. o € RNX? contains the { least significant left singular vectors of the
N x N 7 order difference matriz D”. Here < hides a constant independent of N,1 and r.

Note that the matrix V;. , in Proposition 2.2 corresponds to the objects of interest in this paper. As
a result, it should not be surprising that Theorem 1.1 can be used in combination with Proposition 2.2
in order to make its upper bound on the error ||X — x||2 more explicit. For example, in the critically
important case of bandlimited signal quantization via sampling, one can assume that F' contains columns
of an N x N DFT matrix. If we further assume that entries from the bandlimited signal x are subsampled
randomly, then F' becomes the composition of an N x N Discrete Fourier Transform (DFT) matrix with
a random sampling matrix R € R™*¥ containing exactly one 1 in each row (in an ii.d. uniformly
random position). That is, F = RF holds, where F' now denotes a full N x N DFT matrix. In
this setting the following probabilistic lower bound is known for the smallest nonzero singular value
Umin(Vr:,Fm,eF) = Umin(VnTm,[RF) appearing in Proposition 2.2.

Theorem 2.3. (/29] Theorem 2.7 and Theorem 2.8) Let F consist of d columns of the N x N DFT
matriz, and R be the operator that randomly samples m rows from a matriz. Suppose the £ in Proposition

2.2 also satisfies m/7? > > %dlog:g(m/p), then with probability at least 1 — p, it holds that
Umin(%?m,ZRF> > (1 - 7])\/27

where V. ¢ are the £ least significant left singular vectors of the m x m r*® order difference matriz D"
for all £ < m. Here c is an absolute constant.

Combining Proposition 2.2 and Theorem 2.3 and setting ¢ as its allowable lower bound implies the

following quantization reconstruction error

r—1
1% = xl2 < (IVem.ellFuaxdlog® (m/e)) "2 .

max

This brings the need to control ||V;. ., ¢l|lmax well enough to guarantee that the bound decays for fixed r
as m increases. Our Theorem 1.1 (stated as a conjecture in [29]) addresses this issue, and gives rise to



the polynomially decaying bound in m

1
) C(rydlog®(m/e)\' ?
% =x[l2 < < ;
m
where C(r) is a constant that depends on r. This same type of improvement of related error bounds in,
e.g., [29] can also be derived for other signal types (i.e., choices of F' above) by using our Theorem 1.1
together with other existing analogs of Proposition 2.2 and Theorem 2.3 proven therein.

3 Proof of the Main Result (Theorem 1.1)

Below we will denote the set {1,2,...,n} C N by [n]. For any matrix A € R™*" we will denote the
j™ column of A by a; € R™. The transpose of a matrix, A € R™*"  will be denoted by AT € RNV*™
and the singular values of any matrix A € R™*¥" will always be ordered as o1(A) > o2(A4) > .-+ >
Tmin(m,N) (A) > 0. We will denote the standard indicator function by

6“'—{ 1 ifi=j

YT 0 ifi#£g

for 4,5 € N. Given a matrix A with a singular value decomposition A = UXV*, we use u; (resp. v;) to
denote the columns of U (resp. V).

To begin the proof, it is straightforward to verify that with reversed row and column orders, D" (D")7
coincides with (D™)T D". That is, the (4, j)th element of D"(D")7 is equal to the (N —i, N — j)th element
of (D™)T D" for all r > 1. Then, since the eigenvectors of D"(D")T and (D")T D" are the left and right
singular vectors of D", respectively, this then implies that the left singular vectors of D" are just the

right singular vectors with reversed entries. As a result, we have the following lemma, which we prove
in detail in Appendix A.1.

Lemma 3.1. Suppose that D" has singular value decomposition D™ = UXV™ forr > 1. Then, ||u;|lecc =
IVjlloo for all j € [N].

In light of Lemma 3.1 it suffices to prove the following result bounding just the £>°-norms of the right
singular vectors of D" in order to obtain a proof of Theorem 1.1.

Theorem 3.2. Suppose that v > 2, and let 0 := 0; (D) have associated right singular vector v; € RN
for all j € [N]. There exists absolute constants C,C3 > 0 such that if N > C§, we have ||Vj||oc < (C:/%GT
for all j € [N].

The proof of Theorem 3.2 will be broken up into cases depending on the size of ¢;, the jth singular
value of D". Thus, we begin by providing bounds for each ;.

Lemma 3.3. Let 0j := 0; (D") be the j** singular value of D" € RN*N where j € [N], and o1 > 09 >

--->opn. Then,
s
0<o; < (2cos <2N+1>)

holds for all j € [N]. Moreover, there exist absolute constants ¢,C € R such that

(3 SR
T C(N) SUN—j-HSTO(N)

also holds for all j € [N].



Proof. Since D is of full rank we have that o; > 0 for all j € [N]. In addition ||Dv||2 < 2cos (ﬁ) [Iv]]2
holds for all v € CV (see, e.g., [18]), which implies that | D"v||s < (2cos <#+1))7 |[v]|2 for all v € CV,

kA
and hence that o1 < (2cos (ﬁ)) . The second item is a direct consequence of Proposition 2.2 in
[20]. O

We see that this result implies that o; € (0,2"). Going forward we will prove Theorem 3.2 by
Ur o Car® gor
N

J
constant Cy > 0), and the case where o; is “large” (2 > Ujl-/r > C2T’6) In Section 3 below we prove
the result for the case of “small” ;. This proof is a fairly straightforward application of results about
D together with a simple lemma concerning discrete dynamical systems. We also state the result for
“large” o; and then formally prove Theorem 3.2 given that the stated result holds. The remainder of
paper is then dedicated to proving that the stated result for the case of “large” o; actually does indeed
hold.

To begin the proof of the “large” o, case (i.e., Lemma 3.6 below), we first find a formula for the right
singular vectors of D" in Section 4. To achieve this goal, we extend each singular vector v; to an infinite
sequence Vv;, and then use techniques from the solution of difference equations to find a formula for each
entry of v;. In particular, we are able to write each v; in terms of the roots pi ¢ of a characteristic
polynomial p(z) (which differs for each j) in the following way:

(Vi)i =D che Phs- (3.1)

The rest of the section is then devoted to proving results about the roots py , which then ultimately
allow us to bound ||v;||cc-

Finally, in Section 5, we prove the main result in the case that o; is “large”, and so complete the
proof of Theorem 3.2 as a result. To do this, we first seek to find a bound on the constants ¢y, from
the above expression (3.1) corresponding to roots py ¢ with |pg ¢| > 1. This proof is rather involved, and
so is contained in Appendix E. After this, we use this bound and the properties of the infinite sequence
v; to bound ¢ in the case that |pxe| < 1, which gives us a bound on ¢y for all k,£. We then use
those bounds together with the properties of each infinite sequence v; to bound ck’gpffvflfr for all &, £.
Combining these bounds, we are then able to prove the main result in the case that o} is “large”, thereby
completing the proof of Lemma 3.6 below (and, therefore, proving Theorem 3.2 as well).

We next begin by proving the result in the “small” o; case. To do this, we will utilize the following
general result concerning the £>°-norms of the £2-normalized right singular vectors of an arbitrary matrix
power A" € CV*N . More specifically, the following lemma can be used to show that the right singular
vectors of A” associated with its smallest singular values will always be “flat” (i.e., have £>°-norms on
the order of ~ ﬁ) when the rows of A~! are all sufficiently small in ¢2-norm.

bounding ||v;||s in two separate cases: the case where ¢; is “small” (namely 0 < o

Lemma 3.4. Let r € Zt, A € CVN*N | and A” have the singular value decomposition A" = ULV . If
(o; (A’"))l/r < a-on (A) holds for some j € [N] and o € R, then
[Vjllo < @”on (A) - max [[(A7")*ex 2.

- kE[N]

Proof. Consider the discrete dynamical system defined by @, (k + 1) := (o (AT))fl/T Ad, (k) for all
k € Z" with ®,,(0) := v;. It is not difficult to see that both

o [[®v; (M)ll2 = [lujll2 =1, and

o [y, (B)]l2 = [|A=1 (0 (AN @y, (k + D)]|> < SED 10, (k4 1)[|s < o Dy, (k + 1)]
\Z] 2 7 v 2 > on(A) A 2>« \Z] 2



hold for all k € Z* since (o} (AT))I/T < a-on (A). As a consequence, ||®y,(1)[2 < a" ! must also hold.
Continuing, we can now see that

195l = 147 (05 (A7) By, (D)l = (o (A7) gt (47", (1), 1)

= (o (A" mae [(@y, (1), (A7) ex)|

< (o (A" max 1@y, (Dl2l(A7) ex]l2

<a'on(4)- nax 1(A™Y) ez,

where the last inequality uses both our assumed upper bound on (o; (AT))l/ ", and the fact that
[, (D2 < . O

With Lemma 3.4 in hand we may immediately obtain the following result, which we will use to bound
v; in the case that o; is “small”.

Corollary 3.5. Let o; := 0 (D") have associated right singular vector v; € RN for all j € [N]. If
1/r
o.

J

Proof. We apply Lemma 3.4 with A = D. Note that

Dl 1 ifi<y
I 0 otherwise

< & for some o € R, then there exists an absolute constant c; € RT such that ||v;| < %

Thus, maxgepn) [[(D71)*ex|l2 = V/N. Furthermore, Lemma 3.3 (with 7 = 1) tells us that £ < oy (D) <
ff so that O’l/r < 2.5 <2.0y5(D). Thus, Lemma 3.4 allows us to conclude that

Ivjlloe < (j)%N(D>m<(i)’"¢Cﬁ< <\/%>

where ¢y 1= M > C " for ¢,C € R" as in Lemma 3.3. O

We see from Corollary 3.5 that we can bound the £°*°-norm of v; in the case that o; is “small”. As
discussed previously, the remaining sections of the paper will be devoted to proving the following main
result, which bounds v; in the case that o; is “large”:

Lemma 3.6. Let oj := 0, (D") have associated right singular vector v; € RN for allj € [N]. There exist
4r—>5
absolute universal constants Co,Ca,Cs € Rt such that for all 7 > 2 and N > C%, ||vj]lec < %

holds for all j € [N] with al/r > 0%6,
Proof. This proof is quite involved. See Sections 4 and 5 below. O

Using Corollary 3.5 and Lemma 3.6 we can now prove Theorem 3.2, thereby establishing our main
result.

Proof of Theorem 3.2. Suppose that N > C% for C3 as in Lemma 3.6. Then, if al/r > CZT (for Cy

as in Lemma 3.6), Lemma 3.6 implies ||v;|loc < % If ;/r < 02’

, then by setting o = Cor® in
Corollary 3.5, we have
(C/T)Gr

VN

[Villoo <



where C” > 0 is an absolute constant chosen such that (caCer®)” < (C'r)5" for all r > 2. Thus, choosing
C > 0 an absolute constant such that (Cr)%" > max{(Cor)*" =5, (C'r)5"} for all r > 2, we have

(C’I’)GT
VN
for all j € [N]. O

[Villoo <

The remaining sections of the paper are dedicated to proving the result Lemma 3.6 which will allow
us to complete the proof of Theorem 3.2 (and therefore, to complete the proof of our main result).

4 Toward the Proof of Lemma 3.6: A Formula for the Right
Singular Vectors of D"

Before we can prove Lemma 3.6 we will need some basic facts about the structure of the right singular
vectors of D" € ZN*N for any r € Z*. Note that these singular vectors will be identical to the
eigenvectors of the related symmetric matrix (D")TD". As a result, the remainder of this section will
be devoted to studying the structure of (D)7 D". The next lemma begins our study of (D")T D" by
establishing a general formula for its entries, which turn out to be closely related to the alternating
binomial coefficients.

Lemma 4.1. Let v, N € Z7 be such that r < N/2. All the entries of (D")T D" € ZN*N are given by

(—1)m<ri7“m> ifj—m<N-r, me{0,1,---,7}
(D)D), = N—j ,
j—m,j (_l)mz<l—:m>(§> ifj—m>N—-r, me{0,1,---,r}
ZBO ifm>r

combined with the fact that (D™)T D" is symmetric.
Proof. See Appendix A.2. O

With Lemma 4.1 in hand we are now ready to study the eigenvectors of (D”)T D". Let A € R" be an
eigenvalue with associated eigenvector v. Note that we know A\ € (0,4") from Lemma 3.3. Considering
the equation (D")* D"v = Av in light of Lemma 4.1, we can see that

i(_l)Hr <2]:> Virik = AV; (4.1)

k=0

holds for all N —r > ¢ > r. Our strategy going forward will be to extend v to an infinite sequence v
which satisfies the simple recurrence (4.1) for all ¢ € Z, instead of just for ¢ € (r, N — r]. That is, we
want to construct an infinite sequence v such that both

’Di = V; for all i € [I,N],
and
2 2r
> o (—n)ktr ( k)ﬁi”k = \; for all i € 7, (4.2)
k=0
hold. Once we have managed to complete this task we will then be able to use standard techniques for
the solution of difference equations (see, e.g., [13]) in order to construct a simple formula for every entry

of v. This same formula will then also generate every entry of v. Finding such a formula is the ultimate
goal of this section.
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4.1 Extending v to a Sequence v that Satisfies (4.2)

We will extend v to an infinite sequence v as follows. Let v be the sequence of real numbers whose
entries ¢ € [1 —r, N + r] are given by

0 fl-r<i<O

bi={ v; f1<i<N : (4.3)
v UN+1<i<N-+r
where the vy ,...,vy,, € R above are chosen so that
T r B
> )or =0 (4.4
k=0

holds for all ¢ € [N +1, N +r|. Note that these 9; = v, are uniquely defined by v together with (4.4) for
all i € [N 4+ 1, N 4 r]. Having extended v to the larger index set [1 — 7, N + r] in this fashion, we may
now finish extending v to all of 7Z by inductively setting

_ (=1)" ADjpy — DR () i ifi < —r
i = e e 4.5
Y { (=1)" Aoy — 2 1( DR () 0igppr if i > N 4 (45)
Lemma 4.2. Equations (4.3) — (4.5) imply that (4.2) holds.
Proof. See Appendix B. O

In the next subsection we will solve (4.2) via its characteristic polynomial. Note that real solutions
are guaranteed to exist for (4.2) whenever A is an eigenvalue of (D”)" D", and we can always find them
via the approach below (see, e.g., [13]).

4.2 Solving the Related Recurrence Relation for v

Before we can write a formula for v we must first find the roots of the characteristic polynomial of (4.2)
(for simplicity, we multiply each side of (4.2) by (—1)")

ey = 3 () = arae = (- 1y, (16)

k=0
By considering (4.6) when p(z) = 0 it is not difficult to see that

r—1

p@) = I (—(1 ) )\1/’“@2’““/%) . (4.7)

k=0

Examining (4.7), one can now easily deduce the following lemma concerning the roots of the characteristic
polynomial p(z).

Lemma 4.3. The roots of p(x) are given by

9 )\1/T®2k7r1'1/7“ 4 \/)\2/r®4kﬂ-f1/r — AN\L/r@2kmi/r

pk70 = 2 (4.8)
and )
92 _ )\1/r®2k:7rn/r _ \/)\2/r®4k7n'1/7‘ —A\V/r@2kTi/r
pk71 = 2 (4.9)

11



for k€ {0,1,...,7 — 1}. Moreover, it is also not difficult to see that both
pk,O:p,:& forall ke{0,1,...,r—1}

and
Pk =Pr—k,; Jforall ke{l,...,r—1}

are true. That is, both the multiplicative inverse and complex conjugate of every root are also a root.

Proof. The lemma can be directly verified by substitutions using (4.7) — (4.9), coupled with the fact
that A € (0,4") by Lemma 3.3. O

In the following lemmas we will establish several other important properties of the roots of p(x),
including their uniqueness for all » > 2. These properties will be useful later. In particular, the fact
that each root of p(x) is unique (i.e., has multiplicity one) will be crucial to our ability to write down
a simple formula for each entry of v, and therefore, will also be crucial to our discovery of a compact
formula for each eigenvector of (D")" D

Lemma 4.4. Let p be any root of p(z) as given in (4.8) and (4.9). Then, for r > 2
(14 V2)2 < o] < (14 V)2 (4.10)

and

(1+V2)"IA% <|p—1] < (14 V2)A7. (4.11)
Furthermore, using (4.8) and (4.9) we see that poo # po1,

lpool = [poa| =1,

and

lpk,j| # 1 holds unless k = 0.
Proof. We will begin with (4.11) and (4.10). Examining (4.7), we have that

1 1 ;
ek = ck(p) ==+/p— % = Firzehm/T, (4.12)

Recalling again that 0 < A < 4" by Lemma 3.3, we have |cx| < 2. For each k € {0, ..., — 1} note that

cr+ ci+4 ck7\/0i+4

VPEO = —5—, and /pg1 = —5— are the two solutions of
22— crz—1=0,

where ¢y, is defined in (4.12). Using that |c| < 2 we can now see that |\/p| < 1+ /2 holds. As % is also
aroot of (4.7) by Lemma 4.3, we also have |/p| > 1/(1++/2). This establishes (4.10). To obtain (4.11)
note that since p(p) = 0, it follows by (4.7) that |p — 1| = Azr |/pl, and hence (4.10) implies the desired
result.

The fact that pgo 7# po,1 and that |poo| = |po,1] = 1 can be readily obtained by direct calculation
using (4.8) and (4.9) together with Lemma 3.3 (to prove |po| = |po.1| = 1, we note that \'/" € (0,4),
and hence VA2/7 — 4\1/T = i/4\1/m — \2/7). To finish we may now use the calculations in the paragraph
above to see that

ck+\/ck +4 ck+\/ck +4 \/c,c +4 Ck—\/ck +4

lokol + lpka| =

|ex|” + \/\ck|4 +4(cp + o)+ 16
- 5 ,

(4.13)
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Then, we first observe that |cx|? = (|c2])? > (Re(c))? (since |c7| > |[Re(c})|), and therefore we have

lce|* + 4(c2 +52) + 16 > (Re(c2))? + 8Re(c}) 4 16 = (Re(c?) + 4)? = (Re(ch + 4))?
= (4 — A7 cos(2km /7))2. (4.14)

Combining (4.13) and (4.14) and Lemma 4.3 we can now see that

‘ |+’ ) ’ el +lexlt + 4G + @) +16 A7+ Jlenlt +4(S + @) + 16
Pk,0 — | = =
PEk,0

2 2
1/r 4 — 1/r 2 1/r 1— 2
2)\ + /\2 cos( k7r/7")22+/\ ( C;S( km/r) >2, foral ke {1,2,---,r—1}.
Thus, |pko| # 1, for all k € {1,2,--- ,7 —1}. The desired result follows. O

Lemma 4.4 above tells us that all of the roots of the characteristic polynomial p in (4.6) are contained
in a disk of radius (1 + \/E)ATIT centered at 1. This information alone is enough for us to easily upper
bound the distance between any two roots of p by 2(1 + \/?))\% Obtaining lower bounds between the
distances of the roots of p from one another is a much more difficult task, however. We will now begin
the process of computing such lower bounds with the following lemma. It establishes that all of the roots
of the characteristic polynomial p are unique so that their pairwise distances are nonzero.

Lemma 4.5. The characteristic polynomial (4.7) always has 2r unique roots (with multiplicity one).

Proof. Suppose that p is root of p with multiplicity > 1. We will consider two cases based on (4.7).
First, suppose that

_(1 _ p)2 _ Al/r®2k7rﬁ/rp — _(1 _ p)z _ )\1/7’®2lm'1/rp =0

for k # 1. This can only occur if p = 0 since A > 0 by Lemma 3.3, which then implies that —(1—0)? = 0
(a contradiction).
Thus, it must instead be the case that

_x2 + (2 _ )\l/r®2k7rf1/r)x 1= _(1 _ {IJ)2 _ )\1/T®2’€7Tﬁ/Tm _ c(x o P)2 — sz _ QCp.’E +Cp2

for some ¢ € C and k € {0,...,7 — 1}. This in turn implies that ¢ = —1 and p? = 1 must be true.
However, this also can’t be the case since then we’d have

9 _ )\1/7‘®2k7r1'1/r — +9 — either )\1/T®2kﬁﬂ/T =0 or )\1/T®2k7r1'1/r =4,
both of which are impossible since A € (0,4") by Lemma 3.3. O

As a consequence of Lemma 4.5 together with the discussion above, we can see that all 2r roots
provided by (4.8) and (4.9) above are unique (i.e., with multiplicity one). Therefore, the general solution

to the recurrence relation (4.2) is
1 r—1

=SS ik, (4.15)

=0 k=0

for all i € Z, where the ¢, ; € C are chosen so that that the first line of (4.3) together with (4.4) both
hold.
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4.3 Additional Properties of the Roots of the Characteristic Polynomial (4.6)

Unfortunately, the uniqueness of the roots of p alone will ultimately not be enough for our purposes
below. We will also require lower bounds on their distances from one another. The following lemmas
provide such estimates.

Lemma 4.6. For any two roots of p(x), p # p, either p=p, p=p, p L =p, p

=, or
er AR < [p] = Jpll < AV (4.16)
where ¢,C' € RT are both absolute constants (i.e., universal constants independent of N,r, \, etc.).

Proof. See Appendix C. O

Lemma 4.7. Let p,p' € C, p # p/, be two roots of (4.6) with |p| # 1. Then, there exist absolute
constants C,c,c1,co € RT, ¢; > 1, such that

tr(p, )N < |p— p| < NP7, (4.17)
where t.(p, p') > cacy " if either p=p' or p' = p~! holds, and t,.(p,p’) > cr=2 otherwise.
Proof. See Appendix D. O

Lemmas 4.6 and 4.7 collectively bound the distances between all roots of p from below except for
|po.0 — po,1|, the distance between the two unimodular roots of p. Thankfully, however, simply knowing
that this single distance is nonzero will suffice below. Finally, we conclude this section with a corollary
of Lemma 4.3. It characterizes when the roots of the characteristic polynomial p will be real.

Corollary 4.8. The roots py; € R if and only if r is even and k = r/2.

Proof. First, we see by Lemma 4.3 and (4.7) that py 0, px,1 are the roots of
ar(x) = —(1 — z)2 — \M/re2kmi/ry,

It is clear that g;(0) = —1, so g does not have a root at 0. We also note that if x € R\ {0}, then
qr(z) € R if e?*/" ¢ R, so no such values of k will lead to real roots of gj. Therefore, it suffices to only
consider values of k for which @**7/7 ¢ R, namely k = 0 and k = r/2 for r even.

By (4.8) and (4.9), we can see that the roots of ¢ are

9 _ )\1/T(B2k7rﬁ/r + \//\2/r®4km'1/r — Q\L/r@2kTi/r
2

and so it suffices to check the sign of A\2/7@**7i/7 — A\1/7@2k71/7 to determine whether or not these roots
are real in this case. We note that 22 — 4z = x(x — 4) < 0 if and only if z € (0,4) and 2% — 4z > 0 if
and only if z ¢ (0,4). Let 2 := A\Y/"e?*™/" and note that A\'/" € (0,4) by Lemma 3.3. When k = 0 we
have x = A" and 2(x —4) = \2/" — 4\'/7 which is negative since z = A\'/" € (0,4) when k = 0. On the
other hand, when k = 7/2 we have x = —AY/" and x(z — 4) = A\?/" +4\1/" > 0 since x = —\'/" ¢ (0,4)
in this case. Thus, py ; € R if and only if r is even and k = r/2. O

We are now prepared to begin proving Lemma 3.6.
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5 The Proof of Lemma 3.6

Our main goal in this section is to prove Lemma 3.6 (here restated using notation from Section 4).
Lemma 3.6. There exist absolute universal constants Cy, C2, C5 € RT (namely, for Cs, C5 the same as

in Lemma 5.4 below) such that for all 7 > 2 and N > Cj, [|v;lec < % holds for all j € [N] with

A > Car®
Proving this lemma will require recalling several results from Section 4. In particular, from (4.3) and
(4.15) we know that the entries of each eigenvector v; satisfy

r—1

1
=D > ke P (5.1)

£=0 k=0

for all i,j € [N], where the pg ¢ above are the roots from Lemma 4.3 of the polynomial p in (4.6) with
A = A;. To prove Lemma 3.6 we will use Lemmas 5.1 and 5.2 below about the coeflicients ¢y ¢ and roots
pk.e in (5.1). These lemmas will then allow us to bound the magnitude of each entry of v, via (5.1).

Lemma 5.1. There exist absolute universal constants C},Co,C3 € RY (for Cy,C3 the same as in
Lemma 5.4 below) such that for all > 2, N > C%, and )\1/% CJQ\}'G ,

(Chr)r

|ck,e] < Wi
for all (k,€) € [r — 1] x {0,1}.

Lemma 5.2. There exist absolute universal constants Cf,Cs,C35 € RT (for Cy,C5 the same as in
Lemma 5.4 below) such that for all v > 2, N > C3, and )\1/% > 0%6 ,

O// 4r—6
‘pN+1 rCW‘ < (Cor)

- VN

The proof of Lemma 3.6 is a fairly simple consequence of (5.1) given Lemmas 5.1 and 5.2.

V] pr,el > 1.

Proof of Lemma 3.6. Leti,j € [N]. Below we will reorder the 2r roots {py¢}, , in (5.1) by magnitude
so that the resulting reordered sequence p; := py, ¢, satisfies

ol < lpal <+ <lpel = 1= Ipraa] < lorsal < -+ < |par]. (5.2)

Note that Lemmas 4.3 and 4.4 guarantee that such an ordering of the roots exists. Similarly, we will
also reorder the roots’ associated coefficients ¢; := ¢y, ¢, correspondingly so that the resulting reordered

sum in (5.1) still satisfies
2r
Vi) = Z - pp
1=1

for all ¢ € [N].
We can now see that

r+1

<Z|Clpl‘<2|cl‘+ Z lenl |

l=r+2

ch pi

where our final inequality uses the properties of the ordering of the roots in (5.2). Rearranging this last
expression and using Lemma 4.4 now reveals that

r+l r4+1
[(v)) ‘<Z|Cl|+\ﬂl|7 ' Z o 1T T’<Z|Cl|+ (1+v2)*~ 2(2 lepY T T),

l=r+2 l=r+4+2

|(v;),]| =
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.6 . . oy
12 CzTT by assumption, their conditions

Employing Lemmas 5.1 and 5.2 (since r > 2, N > (%, and AT =

are met), we can now see that
(Cor)>—*
VN
<(r+1)(1+V2)
(Cor)*—?
VN

where Cj is an absolute constant chosen such that Cy"~° > (max (C§, G/, 1))*~6(1 + v/2)> 2L for
all r > 2. O

22 (CGT)" 70

+(r=1(1+2)

oo (max (C),Cy, 1) )4 =6

VN

(Vi) < (r+1)

IA

We will devote the remainder of this section to proving Lemmas 5.1 and 5.2. In order to do so we
will need several supporting results.

5.1 Supporting Lemmas

First, we will require the following result about the inverse of a Vandermonde matrix in several places
below.

Lemma 5.3. Suppose A is a Vandermonde matriz

1z 23 - a2t
—1
. 1 @y 23 - af
1z, 22 an—l
Then A=Y = UL~ with
0, 1<
) 1, i=j=1
(L7 )1] = i .
1 .
H : , otherwise
k=1 9Tk
That is,
1 0 0
1 1
Lil - 171{12 1?2I€I?1 1
T |G @) @e—w)(@e—w3)  (@3—a1)(@3—a2)
Moreover,

1=7
j=li#]

L
Ui =10,
(U_l)l‘,l’jfl — (U_l)iﬁjfll‘jfl otherwise

by

where (U)o ; is considered to be O for the purposes of the recursion. That is,

1 —x T1To —T1X223

0 1 —(z1 +22) mixo + x2T3 + X371
U*l — 0 0 1 7((1,’1 +LL‘2+1‘3)

0 0 0 1
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This recurrence is equivalent to the following closed form expression for the entries of U~ ':

(U_1>’i;j = (_1>i+j Z xal e ma]v,ia (53)

1<ay<-<aj_;<j—1
for all i < j, where the empty sum is defined to be equal to 1, and

Uiy =0
otherwise.

Proof. The first two results concerning the entries of U~! and L~! are proven in [26]. We prove the
third result concerning the closed form expression for the entries of U~! by induction. We first show
that for i > j, (U™');; = 0. By our earlier result, (U™');; = 0 for j = 1, i # j, hence the result
holds for our base case 5 = 1. Then, suppose the result holds for all such entries in columns 1,--- 7,
and suppose that ¢ > j + 1. Then, we have (U™1); j41 = (U ');—1,;, — (U)o = 0 — 0z; = 0, since
(U)z1; = U1, =0asi>j+1impliesi—1 > 5,4 > j. Thus, the desired result holds by
induction.

Next, we show the result holds for i < j by induction. We first see that the result holds for the base
case (U71); 1 due to the empty sum being defined as 1. Now, suppose the result holds for all entries in
columns 1,--- | j. First, suppose that ¢ < j 4+ 1; we then have

(U igrr = U i1y — (U iy

= (—]_)H_j_l Z Tay " Taj_;y41 — Ly (—1)i+j Z Loy = Taj_,

1<a1<-<aj—i+1<j—1 1<a1<-<a;—;<j—1
_ i+j+1 i+j+1 .
- (_1) Lay " Laj_j + (_1) Lay *Ta;_;Tj
1<a1<--<aj_;41<j—1 1<a1<-<a;_—;<j—1

= (—1)iti+! Z Tay - Tay 54

1<a1<-+<a;—i+1<]

where the second equality holds since ¢ < 7+ 1 implies ¢+ — 1 < j,7 < 7, and where the last equality holds
since the first term consists of the sum of all products of j — i + 1 terms consisting of variables indexed
in the range [j — 1] while the second term consists of the sum of all products of j — 7 + 1 terms with
variables indexed in the range [j] which contain ;.

Then, suppose that i = j + 1. We see that the sum in the right hand side of (5.3) is the empty
sum, hence, it suffices to show that (U™'); j 11 = 1. We have (U™1); j41 = (U 1)1, — (U Y x5 =
1—0x; =1, where (U‘l)i,l’j = 1 by our inductive hypothesis and the fact that the sum in the right
hand side of (5.3) is empty, and where (U~1); ; = 0 by our previous case, since i = j + 1 implies i > j.
Thus, the desired result holds by induction. O

Next, the following result bounds the magnitudes of the coefficients ¢y ¢ in (5.1) associated with the
r + 1 largest-magnitude roots py ¢ of the polynomial p in (4.6) whenever A = ); is sufficiently large. It
is used to prove Lemma 5.1.

Lemma 5.4. There exist absolute uniform constants Cy,Cs,C3 € R™ such that for all v > 2, N > C¥%,

1/2r Cor®
and /\j > =,

Cr .
lex,el < TJLV if kel > 1, (5.4)

for all (k,¢) € [r—1] x {0,1}.

In particular, to prove this result, we will prove the following two lemmas, from which Lemma 5.4
immediately follows:
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Lemma 5.5. There exists absolute uniform constant Co € R such that for all v > 2 and 1/4 > )\;/QT
027‘6
N

>

94 1/2
<
= ()
for all (k,£) € [r—1] x {0,1}.

Lemma 5.6. There exists absolute uniform constant C3 € R, such that for all ™ > 2, N > C%, and
A2 > 1/4,

48 1/2
<
i < (e YN
for all (k,¢) € [r—1] x {0,1}.

The proofs of Lemmas 5.5 and 5.6 are rather involved, and so have been moved to Appendix E.

Using Lemmas 5.3 and 5.4, we now prove Lemmas 5.1 and 5.2, which completes the proof of our
main lemma, Lemma 3.6. To prove Lemma 5.1 we use the bound on the coefficients ¢ ¢ corresponding
to roots with |pg ¢| > 1, and use the boundary conditions (4.3) to extend this bound to a bound which
holds for all ¢ g.

Proof of Lemma 5.1. Asin (5.2) in the proof of Lemma 3.6, we reorder the roots py ¢ in the following
way
Ip1] <lpo| < <lprl =1 =|prs1| <|pr42| <+ <|poarl,

and similarly rearrange the associated coefficients ¢y ¢ such that

2r
B =Y e pj.
1=1
By Lemma 5.4, since r > 2, N > C%, and )\}/% > CQTTG by assumption, the coefficients |¢;| < % for
l=r,---,2r are bounded by %, since |p;| > 1 for these roots.

To establish similar bounds for the remaining ¢;, we need to use the boundary conditions of v from
(4.3), namely the fact that 9; = 0 for 1 —r < ¢ < 0. This is equivalent to

2r

[0(N\))]i :ch pi=0, fori=1-r .,0. (5.5)
=1

We can then rewrite this equation in terms of matrices in the following way:

1 . 1 ,0%77‘01 1 . 1 pl e,
1—r 1—r
P1 Tt Pr—1 Py C2 Pr o Por Pr41Cr+1
2 . _ ‘ 7"+1. (56)
P P T \pTie P s 2]\ oy ey
By multiplying both sides of (5.6) with H € R"=1D*("=1) defined as
[ D) iz
i L
0 fori < j
we have
A101 = _A2C2 (57)
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where A, € CO—Dx(=1 " 4, ¢ cr=Dx(+1) Ip particular,

C1 Cr
ca=| : [eC™!, =] |eCct
Cr—1 Cor
1 1 no0 0
p1—1 p,,‘,l—]_ 1—-r
Al = . . . O p2 9
1 r—2 ) ) 1 r—2 : B R 10
(p1—1) e (pro1— 1) 0 0 pi7
and )
1 1 prt 0 0
o | b el U
: r—2 ) : r—2 : 0
(pr —1) e (p2r— 1) 0 . 0 pi
since the (7, j)th entry of
1 ... 1
P1 Pr—1
H .
P P
is
r—1 i il i—1 ' -1\ _
Sttt =30 (D) = e () k= -
=1 =1 1=0

and similarly for the right hand side of (5.6).
From (4.11) in Lemma 4.4, we know that |p; — 1| < (1 + v/2)AY/?" for all [ and from (5.2) we have
lot] > 1, for any [ € {r,---,2r}. These therefore imply that for i € {1,--- ,r —1},5 € {1, ,r + 1},
|(A2)i ] < [(1+vV2)AV/2)
< (1 + \/5)1“—2()\1/27")1’—1

< CHLAYPryh (5.8)
for C71 > 0 an absolute constant. Recall that our goal is to bound ¢; = —AflAgcQ, so we next seek to
bound the operator norm of Afl by bounding its entries.

We first note that by (5.2), [p1],--- ,|pr—1] < 1, and therefore [p] |, --|pi~1| < 1. Hence, to bound
the entries of A7, it suffices to bound the entries of the inverse of the Vandermonde matrix

1 e 1

pl — ]_ e pT’fl — ]_
V= . ) .
(=172 oo (pror—1)72

since the entries of A7" will therefore not increase in norm if the inverse diagonal matrix is included.
Let VT = LU be the LU decomposition of VT, By Lemma 5.3, we have

1 0 0
1 1
L,1 _ /)1;/72 ,UZIPI 0

1
(p1—p2)(p1—p3) (p2—p1)(p2—p3) (ps—p1)(ps—p2)
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To bound the entries of L™! recall that from (4.17) of Lemma 4.7, we know that }

Pi—Pj
“Hr)ATY?" for any i # j and |ps|, |p;| # 1, where t(r) = cac;” in the case of conjugate or inverse
roots, and (1) = cr~2 otherwise. As a result,

ch(cr—2)2—](>\ 1/2r) 17 (5.9)

where the last inequality holds because at most one of the pairs p;, px can be conjugate (since p; is held
fixed in each term), and none of the pairs can be inverses or conjugate inverses of each other since |p;| < 1
for 1 € {1,--- ,r — 1}. Here c3 is chosen such that ¢} > ¢; ¢}, c§ > (cr=2)7! for all > 2. Similarly, we
can compute the entrywise bound for U~7 from its explicit expression derived in Lemma, 5.3

(O )igl = Ul = [(=1)"F > (pay = 1)+ (pa,_, — 1)

1<a;<--<a;—;<i—1

(z ) ;) (14 V2)A\V/21]i
< 2" (Cra APy, (5.10)

IN

for C12 > 1 an absolute constant, i > j (where the last inequality holds since (27;) < 27 since 4,5 < T).
Since we defined VT = LU, we have that V~! = L=TU~7T. As a consequence

r—1r—1
(AT A2)i sl <O T IE )il )kl (A2)
k=11=1
r—1r—1
< Z Z Cg(CT_2)2_k()\_1/2r)k_12T(012)\1/2T)k_l0h ()\1/21")[—1
k=11=1
r—1r—1
< T2r76 max(c, 8377")(263011012)7" ()\71/27")]@71(Al/Zr)kfl(Al/Zr)lfl
k=11=1
r—1r—1
— T27‘—6 max(c, CS_T)(203011012)7, ()\1/27’)(1—k)+(k—l)+(l—1)
k=11=1
< ?”2 4max( T)(263011012)r
< (Crryrrs (5.11)

where the first inequality holds because |(A7');;| < |(V™1);5| for all i, j, the second inequality used (5.8),
(5.9) and (5.10), the third inequality follows since (cr=2)27% < 72" =6 max(c, > ") since k € {1,--- ,r—1},
and similarly 012_1 < C7, since k,1 € {1, <+ ,r—1} with & >l and Cy2 > 1. The fourth inequality holds

because Y, _; Zl 1 '1=(r—1)2 <72 and in the last inequality, C’ > 0 is an absolute constant chosen
so that max(c, ¢3 )(2030116’12)’" < Czr 4 for all r > 2.
Thus, since ¢; = —A] L Asc,, (5.11) implies that

leiflse < (Cr)* 72 + Dllealloo < (C'1)* 4 (r +1)

2%
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where we used ||ca|eo < % (by Lemma 5.4, and since |p;| > 1forl € {r,---,2r} by (5.2)). Here C} > 0
is an absolute constant chosen so that (C’)Q’"_3 > (C")?r=1Cy L and (C()?" % > €4 for all r > 2 (this

second condition is so that % > \ﬁ ; thus the desired bound will hold for all choices of (k,¢)). O

We will now use the bound on |cg | just proven in Lemma 5.1 to prove Lemma 5.2. Similar to the
proof of 5.1, we extend the bound on a subset of the roots to all of the roots by using the boundary
conditions (4.4).

Proof of Lemma 5.2. As in (5.2) in Lemma 3.6, we reorder the roots pg ¢ in the following way

lp1] < p2l < < pr| =1 = |prg1| < |praa] < -+ < |parl,

and similarly rearrange the associated coeflicients ¢y ¢ such that

2r
0(A)l; = ch P
=1

We first note that
(5.12)

for j =1,...,7+1, by Lemma 5.1 and the fact that |p;] <1 by (5.2). We then follow a similar argument
as the one used in the proof of Lemma 5.1, to extend this upper bound of |clp§| tol=7r+2,...,2r by
using the last r boundary conditions (4.4) and the general solution to the recurrence (4.15).

Using (4.4) we obtain

0= Z (2) (1)) p—g = Z (2)(—1)q <§_; clpf—Q> Cfork=N+1,...N+r

q=0 q=0
Factoring pf_q = pF="pr "% and exchanging the two summations above we obtain
" r
- zcm (D)

q=0

This is equivalent to
chpl (m—1)"=0,fork=N+1,..,N+r,

or to
r+1

Z clpl "(pr—1)" chpl =", for k=N+1,..,N+r.
l=r+2

As in the proof of Lemma 5.1, we write the first  — 1 of these equations in matrix form:

1 1] [l = 1) 0 - 0 Pri " Cre2
Pr+2 -+ P2r 0 (praz—1)" . : PT++3 “Tergs
r—2 r—2 i ’ ’ 0 N+1.7r
Pry2 " Paor L 0 s 0 (pQT - 1)T Par C2r
1 1 (pl - l)r 0 0 N+1—7C
U I s 0 (pp—1)" . py ey
r;2 ’ r. 2 B N 0 N+1 T
P1 o Prgal 0 e 0 (pr41—1D"] \Pry1  Cr41
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Then, by the same argument as in the proof of Lemma 5.1, multiplying both sides of the resulting matrix
equation by the (r — 1) x (r — 1) matrix

H,, - { (—1)i=d (;) for ¢ > j

0 fori<j ’
results in
As Bs
1 ... 1 [(1 = pryo)” 0 R 0 PN
pre2 —1 o p2r — 1 0 (1—pra3)” - : Pf-\];%l "Cry3
' r—2 . ' r—2 : . ’ ’ O N+1 r
(Pr2—1) o (par — 1) I 0 0 (1—po)"| \ P2 Tecor
1 1 1 [(1=p1)" 0 0 PV
I 0 (1-p) E e
-2 . =2 : ' ' 0 N+1 :
(pr—1) o (g — )72 0 ... 0 (1—pr1) Prit e
Ay B
Since we have N1 Nt
Pr+—5 "ari2 pr
: = -B;'A;'ABy
pé\i+1 " Gy prlxr—ql rar+1

we begin by bounding the entries of A§1A4.

First, we see that essentially identical arguments used to prove (5.9) and (5.10) and bound the entries
of V1 in the proof of Lemma 5.1 apply here, and result in the same bounds the on the entries of Agl,
since the indices of the roots are not considered in either argument. The only slight difference is that,
in this case, when bounding the entries of L=7, all of the roots have norm strictly greater than 1 rather
than strictly less than 1, but the same argument still holds in this case. Also, by a similar argument to
that used in showing (5.8) we see that

(A4)i,j < [(1 + \/5))\1/27'}1’—1 < (1 + \/i)r—Q()\l/Qr)i—l < C{l()\l/%-)i—l (513)

for C11 the same constant in (5.8). Thus, by essentially the same argument as for (5.11), we have that

r—1lr—1

(A5 Ax)i il =D > IE )ikl (Uil (Ad)e g1
k=11=1
r—1r—1

< chg 1/2r)k 12r(0 )\1/2r)k lCr ()\1/27") -1
k=11=1
< (C'r)P (5.14)

for the same constant C’.
Then, by Lemma 4.4 we have |1 — p,|/|1 — pi| < (1 ++/2)? for all £,1. Hence, we have

|(=B5 ' A3 AuBa)ig| < (1+V2)7(C'r)* 4.
Also, recall that from (5.12), we have

N+1— TCl| < (C(/)T)2r—3

‘P _T
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forl € {1,---,r+ 1}. Therefore,

Nlr N+1—r

p(r_;,_g) Clr+2) p(l) €1)
= —B§1A§1A4B4
N+1—r N+1—r
Plasy Cen )| TL C(rt1)

2r— 3
S( +f 2r(C/ )2r 4 T COT)

- (C(/)/T)4r—6
- VN

%

(5.15)

for C§/ an absolute constant chosen such that (C{)" =6 > (1 + v/2)(C")?"=4(C})* 3L for all r > 2.

O

Having established both Lemma 5.1 and Lemma 5.2 now finishes our proof of Lemma 3.6.
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Proving the Basic Results: Lemmas 3.1 and 4.1

We will begin with the proof Lemma 3.1.
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A.1 Proof of Lemma 3.1

To begin the proof that ||u;llcc = ||Vjlleo for all j € [N], we first observe that by Definition 1.4,
D;; = Dn_j n—i. We now prove by induction that

(D")ij = (D")N—jN—i (A1)
for any r € N. Suppose that (D"); ; = (D")n—_; n—;- Then we have

N

(D" )i = (D")ik(D);

k=1

N
Z (D")N—k,N—i(D)N=j Nk, (A.2)
o1

where in the last equality we used the inductive hypothesis (D"); ; = (D")n—; ~v—i and the fact that
D; j = Dn_j n—i. Then making the change of variables k' = N — k, we have

N N
> (D)N-kn-iDIN—jn-k =D (D) n-i(D)N—jk
=1 k=1
= Z IN=j k' (D" )i, N—i
k=1
= (D" MN_jN—i, (A.3)

and hence combining (A.2) and (A.3) we have (D"*'); ; = (D"*')n_; y—;, completing the proof by
induction.
Next, we claim that

(D"(D") )iy = (D)D" )n—in—j- (A.4)
‘We have
N
(DT(D")")i g =Y (D")in(D7)jn
k;l
=> (D")N-kN-i(D")N-kN— (A.5)
k=1

where the last equality holds by (A.1). Now, making the change of variables &’ = N — k, we have

N

N
> (D" )N-kN-i(D)Nkn-j = > (D" ) N-i(D ) v

k=1 k'=1
= ((D")'D")N—i,N—j>
(A.6)

so combining (A.5) and (A.6), we see that (D"(D")T); ; = ((D")'D")n_; n—;, verifying (A.4).
Finally, for ease of notation, we let v be the vector v written in reverse order, i.e.

(\7)1 = VN_;.

Observe that (A.4) implies that D" (D")T and (D")T D" have reversed row and column orders. Hence, if
v is an eigenvector of D"(D™)T with eigenvalue \, then v is an eigenvector of (D")T D" with eigenvalue \.
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In other words, the eigenvectors of (D™)T D" can be obtained by reversing the order of each eigenvector
of D"(D")T, and vice versa. Since the eigenvectors of D"(D")T and (D")T D" correspond to the left and
right singular vectors of D", respectively, the same relationship holds between the left and right singular
vectors of D". In particular, the left singular vectors can be obtained by reversing the order of each right
singular vector, and vice versa. Thus, since reversing the order of a vector does not change its £°°-norm,
we have

1Villoo = l[1jllo

for all j € [N], the desired result.

A.2 Proof of Lemma 4.1

Recall that we are seeking to prove the following lemma:
Lemma 4.1. Let 7, N € Z* be such that < N/2. All the entries of (D")TD" € Z¥*¥ are given by

(—l)m(rirm> if j—m<N-—r, me{0,1,---,r}
((DT)TDT)jfm,j = N—j , - f )
-n™ if j — N — 1....
Y zz—;<l+m>(l> Hymm= r,me 0L, r}
0 ifm>r

combined with the fact that (D")T D" is symmetric.

Define the upper and lower triangular nilpotent shift matrices U € R¥*Y and L € RV* as

o1 ifi=j-1
“J "1 0 otherwise

and
o1 =g+
11 0 otherwise

Note that D = I — L so that

Similarly, DT = I — U so that

T

)" =3 () ) v

k=0

Since we are interested in the right singular vectors of D" we will consider the symmetric matrix
" /r "/ o\ (r
D" TDT — -1 krrk -1 kLk —_ -1 k+1 kLl. A
(D) (Z(k)< >U)<Z(k)< ) S (). @
k=0 k=0 k,1=0
Note that UFL! = X}, ;, where

|1 fj<N—-landi=j—k+1>0
(Xk.,l)i,j = { 0 otherwise ’ (A-8)
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Thus, if j < N—randi=j—m,me{0,1,...,7}, we will have

(o), = | Z G ) = ez (10,)(0)

k,1=0 . 1=0
(2¥]

(0 )0

Simplifying the expression above using Vandermonde’s identity we can now see that

(0710), = S (o) () = 02

=0

forall j < N—r, me{0,1,...,r}. By inspecting (A.7) and (A.8) it is not difficult to see that, more
generally, we will have

(“”TDﬁjmJ{SJV%%J fo<msr (A.9)

for all j < N —r. In fact, (A.9) gives ((D”)T Dr>. for all ¢,j € [N] with max{i,j} < N —1r by
i

symmetry. Ifj>N—randi:j—mform€{0,1,--7~ , T}, then

((DT>T Dr)i,j = zr: (Z) (;)(_DkHXk,l = ZT: (]:) (§)<_1)k+l(Xk,l)i7j

k,1=0 o k,i=0
]

- (L)) = ()

=0

whenever 1 — m < N — j, or equivalently, whenever i < N — r. Otherwise, when 57 > N —r + m, or
equivalently, when ¢ > N — r, this last equation becomes

((Dr)T Dr)j—m,j — (—1)™ Nij (l fm) (;)

=0

Also note that, by the same argument that was used in (A.9), we will have ((DT)T DT> =0 for
J=m,j

m > r in the case that j > N — r. Utilizing symmetry now allows us to determine all the entries of
(D")T D", and completes the proof of Lemma 4.1.

B Proof of Lemma 4.2

We need to show that under the condition (D")? D"v = Av, the infinite sequence v defined by (4.3)—(4.5)
satisfies (4.2) for each i € Z. We will divide ¢ € Z into five regimes: i < 0,0 < i < r,r < i <
N—r,N—r+1<4i<N,i> N. In the first and last regimes, (4.2) trivially holds because of the way the
sequence Vv is extended in (4.5). For the second and third regimes, it is easy to verify using Lemma 4.1
and (4.3) that (4.2) is exactly the i'" row of (D")TD"v = Av, and hence holds true. It only remains to
prove (4.2) fori € {N —r+1,..., N}. In this case, we will show that (4.2) is implied by the i*! equation
in the system (D")TD"™v = A\v and (4.4).
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Let 2 =i — N +r. Lemma 4.1 then tells us that the i*® equation in (D")TD"v = \v is

AV = g(_l)T_k (i:) Vpi—r + zr: (—nr* :z_; <l n :_ k) (?) Dpir (B.1)

k=0 k=r—x+1
2r—x 2r—x—k r r
-1 hr v i—r
DBACOIEDY <l+k—r)<1)”’“+
k=r+1 =0

foralli e {N —r,..,N} (sothat z =i — N +r € {0,...,r}).

Note that the righthand side of equation (B.1) has three terms in accordance with Lemma 4.1.
The first term involves entries Ogy;—, with kK +i —r < N — r (i.e., before the entires associated with
the irregular lower-right r x 7 submatrix of (D7) D"), the second term involves entries ;. with
i>k+i—r>N—r (left up to the diagonal), and the third involves entries Ug4;—, with k+i—1r >
(right of the diagonal). Furthermore, the lefthand side of (B.1) matches the righthand side of (4.2).
Hence, if we can show that the righthand side of (B.1) matches the lefthand side of (4.2) we will be
finished with our proof. We will accomplish this task below by showing that the difference between the
lefthand side of (4.2) and the righthand side of (B.1) is always zero.

Let the function f: {0,1,--- ,r} Xx {N —r+1,--- N} — C be defined to be the related difference

T

faiy= Y <—1>”§ (o) ()ower (B.2)

k=r—x+1
2r—x 2r—xz—k r r 2r 2
k— ~ —k ~
+ Y =Dy <l+kr> (z)”’“*”‘ > (v (k)“’“”
k=r+1 =0 k=r—x+1

where the first vacuous term is ignored when x = 0. As per the preceding discussion, the lemma will be
proven if we can show that f(i — N+r,i) =0foralli € {N —r+1,---, N}. To show this, we will now
prove that both

(a) f(0,7) =0, and
(b) f(z,i)— f(x—1,9)=0forallz € {1,...,i— N +r}

hold for all i € {N —r + 1, N}. As long as (a) and (b) above both hold, we can then deduce for any
giveni € {N —r+1,...,N} that

1—N+r

fli=N+rd)=f0,i)+ > fx,i)— flw—1,4)=0

as desired. Thus, it suffices to prove both (a) and (b) in order to finish our proof of Lemma 4.2.
Both (a) and (b) can be verified by direct calculation. For (a), we can see from (B.2) that

2r 2r—k 2r
0= 3 0 Y (s ) (o= 3 ot (3o
k=r+1 =0 k=r+1

k—ij;rl(l)kT (ii;k <l + l: - r> (7;) N <2;:)> Uyi—r = 0.

Here the last equality is obtained by observing that all the coefficients of vy, are 0 via Vandermonde’s
identity. Thus, it suffices to prove (b) in order to finish our proof of Lemma 4.2.
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To verify (b) we can now use (B.2) to see that

S, i) =f(a=1,9) T 1Z(l+x1> (z)”l o Z (_1)7‘_k<27’xrk+1) (g;r1>{”“+”

k=r—x+2

2r—x
— (-1 ot " ~r7w i -1 hr " " v i—r
(=1) (:El Uroatis Z( ) r—z+1)\2r—z—-k+1 Yk

k=r+1
2r
- (-1 o=l ~i7x
N G e

where the first, second, and third lines of the righthand side above result form the differences between
the first, second, and third terms in (B.2) for f(x,i) and f(x — 1,%), respectively.
Simplifying the equation directly above we get that

S, D) =fla=L,i) a 1Z(l+x1> (z)”l o 2§ (_1)7‘_k<2rxrk+l) (g;r1>{”””

k=r—x+2

2r
— (-1 roatl " ~r—z 7 -1 o=l Ni—m
(1) (x—l)v +14i — (=1) r—x—s—lv +1
l4+2—1)\1) 7t o —x—k+1)\x—1) "
k=r—x+2
<r—m+1) YVimzt1

= zz—j: <l - 1> ( >ﬁ“”“ iriﬂ(‘l)rik <2r - g;r_ k+ 1> <x . 1> Dy

k=r—x+2

. ee1f T )= e1f T\
<r o4 1) Bi—gp1 + (=) <x - 1) Bimgy1 — (1)1 (a: _ 1)Ui—x+1

2r—xz+1

N o L)

k=r—xz+1
2r
_ _1 x—1 ~i—z .
S (R L

Using Vandermonde’s identity we can now see that the first and third terms cancel. Thus we have that

flad) = fle=1,4) = - 2Ti+1 (- (Zr ek n 1> (x : 1)@’””

k=r—z+1
r oty S\
S A (ST E T (AL
7=0

Note that i —z+r+1€ {N+1,...,N+7r} wheneveri € {N—r+1,...,Ntandx € {1,...,i—N+r}.
Thus, (b) will hold by (4.4). This finishes the proof.

C Proof of Lemma 4.6

We begin with some facts from the proof of Lemma 4.4. For each k € {0, ...,r — 1} recall that ,/pro =
cr+ ci+4 and ckfy/ci+4

5 Pk1 = 5 are the two solutions to

z2—ckz—1:0,
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where ¢ is defined in (4.12). Hence, by Vieta’s formulas, we observe that VPEOVPEL = —1, le
VPro = —\/%. Let pi be either one of the roots py o or pg,1. To bound |5x| — || we will make use of
the equality
1Pkl — 1

ellond |
In particular, our strategy is to bound both the left hand side, and the term on the right hand side of
(C.1) that multiplies (|px| — |p1]), from both above and below.

We begin with the left hand side, and recall using (4.13) that

ol + 11/ k] = (pel + 11/ 2i)| = | (1ox] = [21]) (C.1)

lex|* + \/|ck|4 +4(c} + %) + 16
5 :

1okl + 11/ pr| = kol + |pra| =

Consequently,

exl? +y/lelt + 4G +a@2) + 16 Jal? + \/lalt +4(S + @) +16
2 a 2
A(Re(cj — cf))

\/|ck|4 +4(c3 + %) +16 + \/|cl|4 +4(c? +¢*) + 16

okl + 11/ pl = (1ol + [1/u]) =

(C.2)

where the last equality holds since |cx| = |¢;| by (4.12).
We now observe that a lower bound for the left hand side of (C.1) holds because the denominator in
(C.2) satisfies

0< \/|ck|4 +4(c? + %) + 16 + \/|cl|4 +4(ct+7%) +16 <16
while the numerator, provided that c¢x # ¢ and ¢ # ¢; s.t. k+ 1 # r and k # [, satisfies
IRe(c2 —c2)| = A7 | cos(2mk /1) — cos(2nl /)| = A7 |2sin(w (k —1) /r) sin(z (k+1) /r)] > 2sin®(7/2r) AL/,
This implies that
di ()N < {[px] + 11/ il = (7] + [1/pu])] (C.3)

where dy(r) := ¢//r? for ¢ > 0 such that ¢//r? < Sin;)(# for all r > 2. Now that we have established
(C.3) we are almost done with proving (4.16).

To finish the argument establishing (4.16) note that at most one of p =: p; and p =: j can be
unimodular by Lemma 4.4. Thus, we only need consider two cases: First, assume without loss of
generality that |p;| = 1 and |pg| # 1. Then k #1, k+1 # r, and

(|prl — 1)2‘ _
||

Plugging the above into (C.3) and noting that (4.10) guarantees |5x| > (1 + v/2)~2, we obtain

16l + 1156 (1] + [1/51])] = \

L+ VAN > g = 1] 2 |fe] = 1] 2 (14 V2) T di(r)AV?, (C.4)

which uses (4.11) for the upper bound.
Second, assume that both |pg| # 1 and |p;] # 1. Then

(Ipx] — D)lp] + (Ipe] — 1)
okl |1

okl + 11/ ol = (pel + 11/ 2D = | (I5x] = |Au])
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Ifp#p,p#p, pt#p, and p~ # p all hold then we have k # [, k + 1 # r by Lemmas 4.3 and 4.4.
Thus, we may use (C.3), along with the bounds on gy and g; from (4.10) and (4.11), to see that

—1

(6] =Dl + (5l =D)| ™ ) i

k1]
|k || 1] 1/

> dy(r)A"

T (VNG| 4 (14 V)AL 1(r)

> dy(r 1_’_\/5—1 |~/3krﬁl| )\1/2r

> e(r)A? (C.5)

[[pk| = /]| >

where e(r) := ¢/r? is such that e(r) < dq(r)(1 + \/ﬁ)_l%. On the other hand, from (C.4), we
have

15kl = 31l] < 15k — 1] + 5 — 1] < 2(1+ V2)A/?".
This finishes the proof.

D Proof of Lemma 4.7

The upper bound of (4.17) follows directly from Lemma 4.4 as [p—p/| < [p—1|+|p' —1| < 2(1+/2)A\V/?",
As for the lower bound of (4.17), if p # p/, p~1 # p', p~1 # p/, then Lemma 4.6 gives that |p — p/| >
llp| = [p']] = cr=2AY2". Thus, it only remains to lower bound |p — p| in the case where one of p = p/,
p~t =y, or p~t = p’ holds. We will do this by producing a new (weaker) lower bound for |p — p’| which
does not assume anything other than that |p| # 1.

Let A := {p1, ..., par } be the set of roots of p(z) in (4.6), and note that

H (p— ,Ot)
lp—pl| = pe€M\{p} (D.1)
H (p— Pt)
pt€M{p,p'}

where both the denominator and numerator are strictly positive by Lemma 4.5. Consequently, we can
bound |p — p’| by appropriately bounding the numerator and denominator in (D.1).

To deal with the numerator in (D.1), note that (4.6) implies that the leading coefficient of p(z) is 1,
and hence

2 o-p= 20

2r dz
p€A\{p}

z=p

where the third equality uses the fact that p(p) = 0 and that p # 1, i.e., that

— 1)l = (_1)T)\PT.

(p =)
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Consequently,
r—1 p + 1
p—1

IT (e—ro|=rxp

pt€A\{p}

For the denominator of (D.1), recall that for each p; € A, py # p, we have by Lemma 4.4 that

‘ > 0. (D.2)

lp—pel < lp— 1+ |pe — 1] < 2(1+ V2)AY/2".

As a result, we can recombine the numerator and denominator of (D.1) and then invoke (4.11) of Lemma
4.4 once more to obtain

r—1p+1 e
rA|p pfl‘ r‘p 1(p+1)| 1/2r

22r72(1 + \/§)2r72>\(r71)/7‘ - 227‘72(1 + \/§>27‘71

lp=p'| >

Appealing one additional time to Lemma 4.4 we now get that

r{(p+1)] 1/2r
AT D.3
227-—2(1 + \/5)4r—3 ( )

Continuing with our bound, we will now finishing controling the numerator on the right hand side of
(D.3). For any p € A and its associated ¢ (defined in (4.12)) we have

e+ 2t/ +4 cp—2it\/c +4
2 2

lp=r'| >

o+ 1= [(Ve+1)(/p—i)l=

- —4 + 2¢i1 —4 — 2¢1 S 4\4+ci| (D.4)
ck+2i:|2\/ci+4 ck72i¢\/ci+4 - 64 ’

where in the inequality we used the fact that |cx| < 2. It remains to obtain a lower bound on the
magnitude of |cZ + 4| above. We have that

|4+ ci| = \/(4 — AV cos(2km/r))? + (AY/7 sin(2km /r))?

= \/16 + A2/m — 8AL/T cos(2km /1)

= \/16 — 16 cos?(2km /1) + (A\/7 — 4 cos(2km /1))?

> /16 — 16 cos2(2kw /r)
= 4 |sin(2kw/r)|. (D.5)

Here we note that |p| # 1 implies that k =1,...,7 — 1 by Lemma 4.4. Furthermore, if k = r/2 then
2 = A7 so that |4 + ¢?| > 4 in that case. Hence, we may combine (D.4) and (D.5) to see that

p+1] > isin(w/r) (D.6)

holds for all 7 > 2. Combining (D.6) with (D.3) now yields the desired result where here ¢; > 4(1+4+/2)*
and ¢ > 1rsin(m/r) for all r > 2 (note that since 7 > Lrsin(7/r) for all r > 2, we can choose c; = 7/4,
for example).

E Proof of Lemma 5.4

In this appendix, we seek to prove Lemma 5.4, here restated below for clarity.

32



Lemma 5.4. There exist absolute uniform constants C;,Cs, C3 € R" such that for all r > 2, N > Cf%,

1/2r Cor®
and )\j > =,

Cr .
|ek,e| < \/7% if [pr,el > 1, (E.1)

for all (k,¢) € [r —1] x {0,1}.
As mentioned in the discussion after its statement, to prove this result, we will prove separate results
for A\1/27 < 1/4 and for A\'/?" > 1/4, namely Lemmas 5.5 and 5.6, again restated below.

Lemma 5.5. There exists an absolute uniform constant Cy € R* such that for all » > 2 and 1 /4 >
)\1/27" > Cor®
J = N

24 1/2
<
et < ()
for all (k,¢) € [r — 1] x {0,1}.
Lemma 5.6. There exists an absolute uniform constant C3 € RT, such that for all » > 2, N > C%, and
AT S,

1/2
‘Ck €| S N 18 )
’ min{|py ;|*N, 1} N

1/2r

for all (k,?) € [r —1] x {0,1}.

The first subsection of this appendix is dedicated to the )\
)\1/2T > 1/4 case.

We begin with a toy example that demonstrates our approach for proving Lemma 5.4, namely the

case of two real roots p1, pa. Although this case does not occur in practice, it motivates the main ideas
used in proving Lemma 5.4.

< 1/4 case, and the second to the

Example 1. [Toy example: two real roots] Suppose v € R is a normalized vector [|v||2 = 1 with the
following element-wise representation

v; = B1pt + Baph,

where 3;, pj,j = 1,2 are real numbers. Assuming « := IZ;} > 1, then it holds that

2
\/N7210g2_10471

To prove this result, we will first prove the following result which bounds the number of indices for
which two sequences bounded by geometric progressions will have terms sufficiently far apart.

181 < ,if p; > 1.

Lemma E.1. Let p1,p2, 51,82 be positive numbers with o = Z—; > 1. Let {Bi}icin), {Bi}ieiny, be

sequences of positive numbers such that 7“ > p1, ”1 < po for any i € [N]. Then, for any q € N, the

set of indices KK C [N] for which
B; _41 B; 1
ICZ{Z E;<2 82 or Bl>22 nga}
is of cardinality
K| >N—q—1.

Proof. Let T'; = %, and note that since a > 1 we have I';1; = 37“ > Z; t >al'; > Ty, and so T'; is

strictly increasing in i. We have

i+q—1 +q— / q
H B 1 1
z+q i Fz+1 il Bt B P1 ad 2q'082 @
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Thus, if T'; € I = [2_%1032‘1,2%10832 @], then I';1,41 must be outside the interval I. Define iy :=
min{i,I'; € I'}. Then for any ¢ > ig+ ¢+ 1, we have I'; > T; 1, = 2qlogza, > 24/210g: @ which implies
[INI\K C {io, .-y i0 + ¢} O

Using this result, we can now prove the result in the example by using Lemma E.1 to show that for
any element in KC, f1p] and Bop% differ sufficiently, and using this result to bound the |3;].

Proof of Example 1. Let K = {i : :E;Z}} > 2or I’g;ﬁ}: < 1/2} be the set of indices at which the two
2 2

components in the expression of v are sufficiently different (differ by a factor of 2) From Lemma E.1
. it1 7+1
above, with B; = B1p}, B! = Baph, and hence B];l = |féf;i L = |p1/, and similarly Hl = lf;fp ‘ = |pa|
lp1|

(and thus a = Toal? which we assumed was greater than 1), the cardinality of K is of the same order as

N, in particular, we have || > N —
of KC that

— 1. For each of those indices i € K, we have by the definition

log [eY

) ) 1 . , 1 ; .
[vil = [B1p1 + Bapa| 2 5 max{|Bipil, |Bapal} = 51B;p5], for j=1,2.
Summing up the squares of all entries of v; whose indices are in I, we have
1 i
12 Y Y b =
ick ick
If |pj| > 1, (E.3) can be used to show that
1 IK| 1 IKI
2 2 2 2 2 2
PP AED I ]J—Z %= VCWJ'-
ick i=1

Together with (E.3), it yields

185 < 2 <
VIK]

T logya
O

In this example, we were able to directly apply Lemma E.1 since the roots were real. In reality,
however, it will not be the case that the roots will be real. In order to resolve this issue, we prove
the following lemmas to resolve the issue of complex roots by writing the singular vector as a sum of
real-valued terms. First, we prove the following result about the coefficients ¢ ¢ in the expansion (4.15).
Lemma E.2. For

1 r—1
= Z Choyt * P (E4)
£=0 k=0
as in (4.15), co1 =Co0, and ¢y ¢ = Cr_gg for allk € {1,--- ,r —1}.

Proof. Since the singular vector 9(\;) is chosen to be real (note that such a choice is always possible
because (D™)T(D") is symmetric), we have

r—1 r—1 1 r—1

1
E Chyt " Pro = § Cht " Phy = E Cht " Pht

1
£=0 0 £=0 k=0 £=0 k=0

B
I

for all ¢ € Z. Then, using the results in Lemmas 4.3 and 4.4, we first note that ppo = pa& and
= |po1 Then, again by Lemma 4.3 we also have py¢ = pr—r¢ for all
ke {l,---,r—1}. Hence, the above equation is equivalent to
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1 r—1 1 r—1 1 r—1

00,0P6,o+00,106,1+§ E Ck Pl = Co,opo,1+Co,1Po,o+§ E CkPr—k0 = 00,0P0,1+Co,1po,o+§ E Cr—k,Pr.0
=0 k=1 =0 k=1 =0 k=1

where the last equality in the sequence holds by a change of variables.
Then, since the equality holds for all i € Z, we thus have

¢ C
1 1 A 1 0,0 1 1 | R 1 0.1
€o,1 €0,0
Po,o ,00,1 £1,0 o Pr—1,1 £0,0 po,1 P1,0 o Pr—1,1 7
) ) C1,0 = ) ) ) Cr—1,0
2r 1 27‘ 1 2r 1 2r—1 : 27’ 1 27" 1 27.’—1 27’ 1
Po.0 Po,1 P1,0 o Pro1a Po.,0 Po,1 P10 o Pro1a —
Cr—1,1 C1,1
Since
1 1 1 e 1
po,o Po,l P£1,0 o Pr—1,1 2rx 2
V= . . . eC
21‘ 1 2r 1 27" 1 27‘ 1
Po.o Po,1 P1,0 o Pro1a

is a Vandermonde matrix, we hence have det V = | |(j O£ 0 (7,7_2_1;)_ - ) By Lemma 4.5, the roots p
’ Js ]’, /
are distinct, and thus V is invertible. Hence

€0,0 €0,1
€01 €0,0
C1,0 — | &r—1,0
Cr-1,1 €11
and therefore cg1 = ¢ and cx ¢ = G for all k € {1,--- ,r — 1}, as desired. O

Using this result, we can now prove the following lemma, which allows us to write [0()\;)]; (the ith
entry of ¥ corresponding to A = ;) in terms of real-valued terms.

Lemma E.3. Let p o = |Pk,e|®9’“v”, Cry =

Y, for pre and ci ¢ as in (E.4), and let

_ |k, el ifr€2Z and L =1r/2
Crp 1=
b 2|cke]  otherwise.

Then
1 [r/2]

[5(A\)]i = 0.0lpo.ol’ cos(io.070.0) + D D Erielpr.el’ cos(ibh.e + V). (E.5)
=0 k=1

Proof. From the results in Lemmas 4.3, 4.4, and E.2 we have pg1 = poo and co,1 = ¢g,0; we also have

Pk = Pr—rr and ¢ = G_pyg for all k € {1,--- ,r — 1}. Hence, we see that Co,1p6,1 = Co,opf'),m and
Ch Pl y = Cr—kept_; o forall k € {1,--- 7 —1}. We also note that ¢ ¢ = ¢_f,¢ implies that if r is even,
¢y /2,¢ is real, and since by Corollary 4.8, p, /5 ¢ is also real, we can see that Cr/Qvgpi/Q ¢ is real as well.

Then, (for k # r/2) since Ck,épz,e = Cr—k,fpfa,k’fy we have

ChtPhg + CrotePh_g = 2Re(creph o) = 2Re(|ck el lpre| @ T8y = 2lc || pree|” cos(i0k,0 + Yioe),
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where the second equality holds since we have assumed that py, = |pg.e|€’ ¢, cx o = |cg ol@™. Simi-

larly, since co,1p 1 = c0,00h,9, We have

€0,0P0,0 + C0,1P0,1 = Re(co,006,0) + Relco,1ph.1) = 2|co.0llpo,ol cos(ifoo 4+ 0,0)

Finally, if r is even, and hence ¢, /5 ¢p;. Yy is real, we thus have

1

1
> rppibiine = Re(cryaiplsne) = D lersaellpr szl cos(iby a0+ Yosa.e)-
=0 =0 =0

We then see that we can break the expansion (4.15) into parts as follows:

1 r—1 1 (r=1)/2] 1 /2]
~)\)]i:Z Ckt PM—Z Z ChotPhog + Crh Py ke+coopoo+001po1+z Z Ch 0P e
=0 k=0 =0 k=1 =0 k=[r/2]

Here, the last term in the sum will be empty if r is odd, and c,ﬂ/upf,/“ if r is even. Thus, combining
the three equations above, we have

1 [(r—1)/2]
BN =Y > 2lersllprel’ cos(ik.e + va.e) + 2lco.0llp0.0] cos(iblo.0 + Y0.0)+
=0 k=1
1 [r/2] .
D7 > lenellprel’ cos(ibrp + i)
=0 k=[r/2]

Thus, by our definition of ¢ ¢, we have

1 [r/2]

[6(\))]i = €o,0lpo.0|* cos(ifo.070,0) + Z Z kel el cos(i0r.e + i),
=0 k=1

as desired.

E.1 The A;/2T < 1/4 case: Proof of Lemma 5.5

The proof of Lemma 5.5 follows the same idea as in our toy example, Example 1. Our goal is still to find
the set of indices for which the components in the expansion of © are well separated, and to show that
this set has a large enough cardinality. These were easy to prove in the toy example because each time
the index increases by 1, the increments of the two components in the expression of v has a ratio that
is lower bounded by some positive number independent of N, which fulfills the assumptions of Lemma
E.1, leading to the desired coeflicient bound.

In the general scenario, however, the presence of complex roots and the cosine functions in the
expansion (E.5) of ¥ prevent such lower bounds from existing. Indeed, we observe that it is the large
oscillation of the components from index to index that destroys the lower bound, but at the same time,
we observe that the average oscillation over an interval of indices is much smaller. This motivates us to
look at the increments of components of v from interval to interval instead of from index to index, with
the hope of finding a positive lower bound that is sufficiently large. We first establish the intervals in
the following definition by dividing [N] into a number of subsets of equal length AN.

Definition E.4. Given AN > 0 and m := |[N/AN|, let Iy, ..., I,,—1 be intervals with I; = {4;, ..., A; 41—
1}, where A; =iAN + 1 for all i € {0,--- ,m}.
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As described before, in a similar fashion to Example 1, we seek to show the summands in the
expansion (E.5) differ sufficiently from each other. However, because of the presence of cos(i0 ¢ + vk.¢)
in the summands, we must consider sets of summands rather than individual summands. We begin by
defining the following terminology to discuss sets of summands.

Definition E.5. In (E.5), we call each summand a component of 9();), we call the squared summand
at index i, i.e., & ,lpk.e|* cos®(ifke + Yre) the energy of the (k,£)’th component at i, and the sum
Y ier, Ei7g|pk’g|2i cos? (i ¢ + Yi.¢) the energy of the (k,€)’th component over interval I,,.

We then define the following sets which make precise the comparison of the increments of components

of ¥.

Definition E.6. For some fixed (k,¢) # (K, ¢') with (k,0), (', ¢') € {(0,0)} U ({1,---,|r/2]} x {0,1}),
we define the index set Cy .5 ¢+ Where for each i € Cj g, ¢ the energy of the (k, £)th component on I;
is comparable to the (k’,¢")th component on I;, i.e.,

Gho 2 ok cos*(nbke + i or)

1 nel;
Cropr o =R0: — < = - L
R A2 = G g 2 |pw | cos?(nby o + i er)
nel;
Also, we define
C = ﬂ Chooskr 075 (E.6)
(k) (kL")

where (k, ¢), (k',¢") again run over {(0,0)} U ({1,---,|r/2]} x {0,1}).

In the previous definition, the bound 4r? is chosen out of consideration for a later argument. Also,
on the complement set of Cy ¢,/ ¢/, the (k,€)th and (&, ¢')th components are sufficiently different, more
specifically, one component will be 4r? times larger than the other. The idea is that we compute Cj. ¢.x/ ¢
for all (k,¢) and (K, '), so that on C, all components will be sufficiently different from each other, and
therefore there must exist a dominant component that behaves similarly to their sum over all of the
components, which is the square of the #2 norm of the singular vector of D" we are considering. The
coefficient of this dominant component can in turn be bounded by the energy of the singular vector on
the corresponding interval. The claim is, if we have enough intervals in C, then we can expect a small
bound for the coefficient (Lemma 5.5). To compute |C| we first find a lower bound for |Cf ;.1 |, for
each k,/; k', ¢’ quadruple.

We begin by supposing that |pg e, |pr | > 1. In this case, define

G alprePier 37 cos® (b + Yi.e) Gralpre A 3 cos® (e + Vi e)
D rpr=1K1: nel: < L or neli
PO G oo PATY cost b+ ) © 420 D8 plpwe PA S cos?(nfi e + )
’ nel; ’ nel;
(E.7)

Then, since we assumed |pg ¢, |pr | > 1, for I € A; we have |pk,g|2A7" < prel? < |pk7g\2Ai+1 (and
likewise for py ¢), by the definitions of I; and A; in Definition E.4. Therefore any ¢ € Dy, ¢, o+ must be
in Clg,e;k’,é” and hence |C,§7e;k,7é,| > |Dy ek o], and | Dy p.i 01| is easier to compute as |pg ¢| is pulled out
of the sum.

In the other cases, for example for |pxe| < 1,|px | > 1, we will have analogous expressions for
Dy, ¢, such as

G lpre Y cos®(nby e + Ye) r olpr,e P Y2 cos® (nb e + ie)
D i ’ nel; < 1 or ’ nel;
g = : -
pre R plowe A 3 cos? (bl we) = 470 TG plow e PR 3 cos (0 e+ )
nei; neci;
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As a result, the proof of Lemma E.9 will differ slightly depending on the case we are considering, and
these differences will be briefly mentioned in its proof.
To simplify the notation, we denote the accumulated sums of the angles in the i’th interval I; by

#(i,0,7), i.e.,
o(i,0,7) :== Z cos?(nf + ). (E.8)

nel;

and define a close approximation ch,e;k',é' to the complex ratio in the definition (E.7) of Dy ¢,k e

5%75\Pk,£|2‘4i > cos?(nbro + Vi)

i o nel; . ’C\)]Zc,dpkf‘ZAiqs(i’ 0/6,27 ’Yk,l) (E 9)
Lt opr — = " .
BERET R, low o PATY cos? (B e+ i) G gl pre e PG Onr o i 00
nel;

Note that in T} ,.., »r, |pk.e| and |prr | have the same power while they do not in the definition (E.7) of
Dy o0 We will need to take this difference into account when using T, ., to bound [Dy g .

1 < /4. Explicitly, we shall prove the

Using these definitions, we will now prove Lemma 5.4 for A ¥

following main lemma.

Lemma 5.5. There exists absolute uniform constant Co € R™ such that for all » > 2 and 1/4 > )\;/ 7>

Cor®
N

24 1/2
<
len.el < (min{pk,ﬂw,lw) ’
for all (k,¢) € [r — 1] x {0,1}.

In order to prove this result, we will show the following two intermediate results. The first result is
used to bound ¢(i,8,7). The second result is the key result that allows us to prove the main lemma; it
allows us to ensure that |C] is sufficiently large, i.e. that there is a sufficiently large set of intervals such
that the energy of every component is sufficiently different from the energy of every other component.

Lemma E.8. Suppose )\;/QT < 1/4. Forall (k,¢) # (K',¢") with (k, £), (K, ¢") € {(0,0)}U({1,--- , |r/2]} %

{0,1}), there exists absolute universal constant Cy € R such that if AN > max { Sin(ﬂ/;f))\l/% , ngﬁf*l)/‘;ih log 12} =
E(r)A=1/2" | either

FZ Lt Pl Fl Lt Pl
Fff# >4/3 for all i € [m — 1], or % <3/4forall i e [m—1],
k 5k 0 ke 5k! 00

(for m = |[N/AN| as defined in Definition E.4). Additionally,
&(i, Ok,0,Vk,0) = AN/3.

for all ¢ € [m]v (kag) € {(0,0)} U ({1, T LT/QJ} X {07 1})

Corollary E.11. Suppose that the assumptions of both Lemmas E.10 and E.9 hold. Then, there exists
an absolute universal constant Cy such that if N > Cgrﬁ)\;l/zr7 then |C| > m/2, where m = |[N/AN| >
2 is the total number of intervals.

Using these results, we have the following proof of Lemma 5.5.

Proof of Lemma 5.5. For (k,¢) € {(0,0)}U({1,---,|r/2]}x{0,1}), we have |c ¢| < |é,¢| by its definition
in Lemma E.3. Additionally, for (k,¢) ¢ {(0,0)} U ({1,---,[r/2]} x {0,1}), then we have c¢p.1 = Co0,
1/2
4
min{|pk,e8|2N,1}N for all
(k,0) € {(0,0)}U({1,---,|r/2]} x{0,1}). On each I; with t € C, by the definition of C' (Definition E.6),
all of the components are sufficiently different from each other. Hence we can reorder them according to

and ¢k ¢ = G _.¢, by Lemma E.2. Therefore it suffices to show that [¢j ¢| < (
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£))

their energy on I;. For simplicity of notation, we denote the component (corresponding to index (k,
q)) —.

which has the gth largest energy over I; as a.¢ - |k e|* cos(ik.¢ + Vi.0) = atq)|p(q)|Z cos(ze(q + fy(
P(q)( ). We also denote [9();)]; as 0(¢). Using this notation, (E.5) becomes

2[r/2]+1 2\r/2]+1
iy = > @ | cos(ib” + 4y = Y PP%), iel.
q=1
‘We can now see that
2[r/2]+1 2
Z Z Z Pt(q)(i)
i€l i€l q=1
I 2lr/2]+1 20r/2]+1 2
1),. 1),. . .
=S PG +2PM60) ST PPG+ [ Y PPG)
i€l q=2 q=2
_1 20r/2)+1 2
1),. .
=D ECAC e ISR A
i€l q=2
1 2|r/2)+1
1
> 5 > (P - (2lr/2)) Z > (P
i€l = i€l

where the first inequality is obtained by applying 2|ab| < 1a? + 2b% (derived from the Arithmetic
Mean/Geometric Mean Inequality) to the cross term followed by a direct simplification, and the second
inequality uses the Cauchy-Schwarz inequality on the second term.

Now, suppose that ¢t € C'. By the definition of C' in Definition E.6, the energy of the gth component
over I; is at least (4r?) times larger than the energy of the (¢ + 1)th component over I;, and hence

Sier, (PP(0)% < 112 Yier, (P (0))2. Therefore, we have

2lr/2)+1

%Z(Pt(l)(i) @lr/2) Y > 42(135”(2'))2.

i€l q=2 i€l i€l

Furthermore, since Pt(q) (7) is the component with [th largest energy over I, > ;. (Pt(l) (1) > Yier, (Pt(q) (i))?
for all ¢ € {1,...,2|r/2] + 1}. Hence, we have

2|r/2]+1

S e > S EVO? - el Y SR
= el q=2 iel;
> 1PV )
i€l
> i ST (PV())?, for any q € {1,....2]r/2] + 1}
i€l

1 ZE’MW\% cos® (0 ¢ + Yi.0), for all (k,€) € {(0,0)} U ({1,---, [r/2]} x {0,1}).
i€l
(E.10)
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Now we can see that, since the above calculation holds for any I; with ¢ € C', we can sum over all
such I; and use the fact that |v;| = 1 and the above result (E.10) to get

9. 1 i .
1233 0%() > 1 G 0D okl cos® (i + Yr)-

teCicly teC i€l

Then, since i < N, we must have |py ¢|** > min{|px ¢|?", 1}, and by Lemma E.8, we have ¢(t, 0k ¢, V.0) =

> cos® (i + V) > AN/3, hence
icl;

1 ; .
1ZE?C,KZ(‘Pk,£|2ZCOSQ(29k,e+%z 74 3 chémmﬂpkdw 1}

teC i€l teC

Finally, Corollary E.11 implies that |C| > m/2 for m = [ N/AN |, and it also implies that m > 2. Since

m > 2, we also have LQANJ > w. Hence,

1AN . 1AN |N/AN
S 2 min{o PV, 1y > LAV VAN {2V, 1)
4 3 by 4 3 2
1AN N/AN , .
> AN NN min{lo ™, 1)
> 486k€m1n{|pk€| 1}.

Combining these results, we therefore see that

1 i ;
1> 1 ZEJZM Z(|pk’g|2 cosg(zek,z + Vi)

teC i€l

1 AN
27 chemm{lpk oM, 1}

teC

> < qmin{lpne*Y, 1)

and rearranging this inequality produces the desired result. O

Therefore, to complete the proof of Lemma 5.5 it suffices to prove our two intermediate results. We
begin by proving the first result, Lemma E.8. In order to prove this result, we first prove the following
lemma, which will in turn allow us to bound sin(6y, ), which will allow us to bound ¢(%, 0 ¢, Vk,¢) using
trigonometric identities.

Lemma E.7. Assume )\;/27- < 1/4, then one of the following two cases holds for any k =0,..,r —1 and
£=0,1:

o if r is even and k =r/2, sin(f¢) = 0,

. . /\1,/2T sin(w/2r
o otherwise, sin(fx.¢) > J27(/)

Proof. Recall that 0, is defined in Lemma E.3 such that pj , = |pk7g\<e9’“v@ﬁ. Thus, if py ¢ is a real root
(which by Corollary 4.8 happens iff r is even and k = r/2) then sin(fx¢) = 0. Otherwise, as discussed

2
in the proof of Lemma 4.4, \/pr¢ = aEy ot V;’“H with ¢; complex, where we recall that

\1/2r ki
Ck = :tl)\j/ "ekmi/T,
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Hence

Cr — Ck Cr + C |Ck—Ck‘
Im(y/pre)| = 5 T = > :
2| 2 2 4 \/ck 44 /% +4 8

(E.11)
where the last inequality follows since |cg| = )\;/ r < 1/4, by our assumption on \;, and therefore
ek + 05| < 3 and [/} +4+ Ve +4] = 2|Re(«/cif—|—4)| >3>1.

Using a similar argument to bound 1 F % from above, we see that
2 +4+4/Cr2+4
cr —Ch cp + ¢k |k — |
Im(y/pre)l = < : (E.12)
4 G +d+ogi+4 3

This implies

o (O )| _ Mm(PED| e — il _ (AT [Re(EA b))
2 B orel T 24 12 B 12 ’

where the second inequality follows from (E.11) plus the fact that |,/pr.¢| < 14++v/2 < 3 from (4.10). First,

kmi/r

since we are assuming that py ¢ is not real, by Corollary 4.8 we must have k # r/2, and hence e must

have a nonzero real part. We then see that the smallest nonzero value of |Re(:|:)\1/ 2" ehmi/r))|

1/2r kﬂ'z/27‘)

is greater

|, which is clearly A; L/2r cos(f — &) =

sin(/2r) since eFm/2" Jies on the imaginary axis for k = r (hence, setting k = r — 1 gives the
desired result).
This bound therefore implies

than or equal to the smallest nonzero value of \Re(:ﬁ:)\
)\1/27’
J

>)\

1/2r krmi/r
NN [Re(£X}/2"eFmi/m)| | sin(r/2r)
- 12 12 '

We also have

Im(\/7rs
‘Sin (QMN WD oy <
2 |\/Pr.cl

where the first inequality follows from (E.12) and since |\/pre| > (1 +v2)™' > 1 from (4.10). The
second inequality follows since |cgx| < 1/4. Thus,

ke / ke
sm H 1 — sin?

Using this bound, we can now prove Lemma E.8, one of the two lemmas needed to prove the main
result.

|sin(fk.e)| =

r 2r) »sin(r/2r)
> 1/2 Sln(’ﬂ'/ > 1/2 '
2 12 ( 3/4) )\ 25

O

Lemma E.8. Suppose /\1/2T

< 1/4. There ezists absolute universal constant Cy € R such that if
1/2r
AN > max § =T ;i? log 12} L E(r)A T, for all (k,£) # (K, 0) with (k,0), (K1) €
{(070)} U ({17 Tty \_T/2J} X {07 1}) either

Ly , T e e .
FH_f>4/3forallz€ [m —1], orrH’_f” < 3/4 for all i € [m —1],
kG5 k7 0
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(for m = |[N/AN| as defined in Definition E.J). Additionally,
B(i, Ok,0,vk,0) > AN/3.
for alli € [m], (k,¢) € {(0,0)} U ({1,---,|r/2]} x {0,1}).
Proof. Recall that in (E.8), ¢(i,0,) is defined as accumulated sums of the angles in the i’th interval I;,

ie.,

o(i,0,v) = Zcos (nf + 7).

We first derive bounds on ¢(i, 0k ¢, Vk,0). As )\jl-/2r < 1/4 by assumption, from Lemma E.7 we know that
either |sin(fx )| = 0 (if = is even with k = r/2) or |sin(f¢)| > %5/%))\}/27". First, we consider the
case |sin(fy ¢)| = 0. Since r is even, with k = r/2, by the proof of Lemma E.3, we also have a, ¢ real,

and hence, by the definitions of 8 ¢, V¢ in Lemma E.3, 0y ¢, vx,¢ € 7Z. Hence, COS2(t9k’g + ) =1 for
all t € Z. As a result,

Ai+1—1 1+2 1
S, 0.0, ve) = Y, cos’(tOpe+e) = Y, 1=AN.
t=A; t=Ait1
. . AL/ sin(m/2r) 75
Next, we consider the case where |sin(f¢)| > ~————. Since AN > S 2 A we have that
in(m 1/zr in .
o < sind /ig))\ < ks (gk'l)l, and hence [sin(6;¢)| > <. As a result,
Ai+171
G0, e Vhe) = Y 05> (00 + Y.0)
t=A,
Ai+171
AN
= cos(2t0k.¢ + 2vk.0)
2 2
t=A,
_ AN sin((2Aiy = Dk + 29k0) = sin((2A4i = Do + 29.0)
2 4sin le
AN 1
>=" -
-2 2| sin(b.¢)|
AN AN
> T
-2 6
> AN/3. (E.13)

where the second-to-last inequality follows since |sin(6 ¢)| > <
Thus, since it holds in all cases, ¢(i,0k¢,7,¢) > AN/3 for all i € [m], (k,¢) # (K',¢) with
(k. 0), (K, ¢) € {(0,00} U ({1,---,[r/2]} x {0,1}). Also noting that ¢(i, 0k e, Vi, [) < AN holds for
all ¢ € [m], we have
@i, O,e, Vh,e)

d(0+1,0k,0,Vk0)

1/3 < <3 (E.14)

for all ¢ € [m — 1].

Suppose that |pge| > |prr o], with (k, £), (K, ¢") € {(0,0)} U ({1,---,[r/2]} x {0,1}). We first note
that the our choices of (k, ¢), (K, ') do not allow py, ¢, pi ¢ to be conjugates, since they are paired in (E.5).
Lemma 4.6, which states that there exists ¢, C' absolute positive constants such that for any two roots
p, P, if p and p are not conjugates, inverses or conjugate inverses, then CT’Q)\l/QT <Ilp| = lpl| < CA;/QT

and (4.10), which states that any root p has (1 +v/2)72 < [p| < (1 + v/2)?, 1mply that there exists an
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—1pur ot CyN/2r
‘pk‘fplk/"zl’“l v > 4T-; . Note that we can apply Lemma 4.6 because the

two roots cannot be conjugates, and if the roots are inverses or conjugate inverses, their magnitudes
must be separated by 1, hence ||pg.¢| — \p;é | < lpk.el = 1, |lpw.el = 1PEe t| < |lpk.e] — 1| and since there
must be a root (namely pg o) with magnitude 1, we can apply Lemma 4.6 to ||pk.e| — |po,0]|- (Note that
we cannot have |p¢| = |pj. }| = 1 or |pxe| = [Prz | = 1, since such roots would be conjugate or equal,
respectively.) /

We then see that

absolute constant Cy such that

1/2r

AN AN 1/2r\ AN Cad;
—pwr o Cy); 75 AN
( |pk,£| > _ (1+ ‘pk7£| |pk R > > <1+ 4 ; > > er2+C’4>\ /2 > 12 (E15)
T

ok 0] g

1/2r
where we also used the fact that AN > % log 12 and the fact that log(1+ ) > T for x > —1.
a7

AN AN
If |pre| < |prr.er|, we apply the same argument to (‘Tl’;’;’j‘l) to find that (lf;;'ﬁ/l‘) > 12 and hence
that [pk.el AN < 1
a g - 127
To complete the proof, we again assume first that |pg ¢| > |pxs /|- Then, by the definition (E.9) of
L'} 0.k ¢ we have

i N . .
Uhow e < |pr,e] > N 06, Ok k) B+ 1Ok, ) < (1> (3)(3) _3
| A lpxr 00| (i + 1,050, v6,0) O Ok 0, i)~ \ 12 4
for all ¢ € [m — 1]. In the case where |pg ¢| < |pi ¢|, we will instead get
| APy 1\ (1) 4
% > (12) (3) <3) =3
N
for all 4 € [m — 1]. O

Next, we will prove the second main result, Lemma E.11. In order to prove this bound, we recall
from (E.7) that we can bound | Dy, ¢;5+,¢/| and use the fact that |Cf .1 | > [Dy,e;kr,0r| to bound |CF 400 4
and ultimately bound |C| in Lemma E.10. We therefore prove the following lemma which uses the result
in Lemma E.8 to bound | Dy, .5 ¢ |.

Lemma E.9. For any (k,0) # (', ") with (k,£), (', ¢") € {(0,0)}U ({1,---,|r/2]} x {0,1}), if either

Iji Iﬂi ,
Ffflk £ > 4/3 for alli € [m —1], or F’“f# < 3/4 for alli € [m — 1]
K, 0k ¢ k, 0k 0

then |Dygsr.r| > [N/AN| —16(1 + V2)A)* AN — log(419716).

Proof. As mentioned in the discussion following Definition E.6, this proof will have slightly different
arguments depending whether [py ¢|, [pi,¢| are greater than or less than 1.

Fl v . .
Without loss of generality, assume F?ﬁ’“ £ > 4/3 (As mentioned in a later note, the same argument
k,e;k/ e’
) 1/27‘A 1/2r
holds if L4 < 3/4). Let § = 22N AN () 9 _ 42,204V AN By Lomma E.1

k,e;k! 0!

with B; = 1, Bj =T}, s, o (for all i) and hence p1 = 1, p2 = 3/4, and o = 4/3 (note that the hypotheses

of the lemma are fulfilled since % > 4/3 for all i), setting S = £ log,(4/3) and solving for ¢, we see

k, ek 0!

that except for [25/1log,(4/3)] +1 > 25/1log,(4/3) 4+ 2 consecutive subsets, it holds

T o <27% or T ppr o0 > 25, (E.16)
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Note that Lemma E.1 can also be used (with B; =T}, s/ o, Bi =1, p1 = 4/3, p2 = 1, and a = 4/3) to
derive the same result in the case of w < 3/4.
k,e;k! e

If [prel < 1,|pgrerl > 1 or |prel > 1, |prrer] < 1, then the expressions in Dy gk ¢ will be either

1/2r
1+f)A AN > 472

I% 4 o OF F}c s - As a result, since 25 = 4r2e% , we have the desired conclusion

in all but 25/ log,(4/3) 4 2 consecutive subsets.

] > 1, we then note that

" 1/27“
‘Pkf|2AN (1+ ‘Pkf| 71)2AN < (1+(1+\f) 1/2 )QAN <e 2(1+f) AN (E17)

where the first inequality follows by Lemma 4.4 and the second inequality follows since 1 + x < e for
all z. Now suppose that Fi,z;k',e' < 279, If this is the case, then we have

oo ook 0 P S, O o, Yo 0r) = 25C7 ol pree | b4, O Vi o)
=252 ylpre* 7 ow,e) T2AN (i, Oty Vise)

1/27‘ . .
> 25720V, AN ook, PA (i, Ok, Ve

= 41} ol pr,e|* 1 S, O Vis0)- (E.18)

where the first inequality is from the definition (E.9) of T}, ;. ,/, and where the last equality is due to
the definition of S. A similar argument using (E.17) on |px p/| ‘shows that

Ck ookt D, On 0, i) > 4r2C3 Cor oo 24411, Opr g1, Y 0

if T g o0 > 25.
Also, an analogous argument implies the same result if |py ¢|, |prr | < 1, since using Lemma 4.3 to
note that py o = plzll, we can apply the previous result (E.17) to pg e = p;é and therefore we see that

—2AN 214+v2)AY/2" AN
|kl < 20TV :

Finally, the bound on the number of the excluded intervals
41+ V2)A AN + 2log 4r?

log 21og,(4/3)

4(1 4+ V2N AN + 21og 4r2
< a+v2) ! & + 2log(4)
log(4/3)

< 16(1+ V2)A/* AN + 8log 412 + log(4?)
< 16(1+ V2)A AN + log(410719)

25/1og,(4/3) +2 =

now implies the conclusion of this lemma. O

Given this bound on Dy, g,k /|, and hence on |C§, ;. [, we can now prove a lemma which produces
the desired bound |C| for sufficiently large N. We note that we need the conditions of Lemma E.8 to be
satisfied (i.e., we need to choose AN to be large enough), since the conclusions of Lemma E.8 are the
assumptions of Lemma E.9.

Lemma E.10. Suppose AN = [E(r)\; 1/277 + 1, where E(r) is defined as in Lemma E.8. Then for
N > max(vi(r)A; 12 ,2AN), |C| > m/2, where m = |[N/AN| > 2 is the total number of intervals,

and vi(r) := 4r(2r — 1)(log(4'°r')(E(r) +1/2) + 16(1 + V2)(E(r))(E(r) + 1/2) + 5(E(r) +1/2))) +
2(E(r) +1/2).
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Proof. First, we clearly note that if N > 2AN, then m = |[N/AN| > |2AN/AN| > 2. Hence, it

suffices to show that if N > ul(r))\;l/Qr, then |C| > m/2.
r2 1/2r
Set AN = [E(r))fl/%] + 1, where E(r) = max{ Sin(f/zr), +Céf:\] log 12} as per Lemma E.8. We

J
then note that

(E(r) +1/2)7,% = BV + (1/2)A %7 > (AN —2) +2 = AN,

J J
1/2r

since A;" 7 < 1/4 by assumption. By Lemmas E.9 and E.8, we now have that

|Dk,f;k/,€/| > LN/ANJ - 16(1 + \/i))\jl/zTAN - 1Og(410’l"16).

Recall from (E.6) in Definition E.6 that C' = (¢, 4.0y Cher o (Where (K, £), (K, €) ran over
{(0,00}u({1,---,[r/2]} x {0,1})), and that |Cf .1 | > [De;r,er|. Therefore, using the above bound
on | Dy e ¢, the desired result follows since

ICl=1NC el = [INJAN] = [U Cr e,

> |N/AN| — Z |Cr ek 2]
kK0 (k,0)#£ (k")
> [N/AN]| - > (IN/AN] = | Dy srr,e0)

K0,k 8, (k,0)# (k' L")

> [N/AN] — 20(2r ~ 1161+ VDA AN +log(41%r'%))
> M =m/2.

In particular, the last inequality holds by substituting v (r) = 4r(2r — 1)(log(41°716)(E(r) + 1/2) +
16(1 +V2)((E(r))(E(r) + 1/2) + L (E(r) + 1/2))) + 2(E(r) + 1/2) and noting that

[N/AN] > Lol (A ] -1
- ﬁ ar(2r — 1) <log(410r16)/\j1/2r(E(7") +1/2) +16(1+ V2)A, V2 (B(r)(B(r) +1/2) + %(E(r) L1/2)
/
+2 (B +1/2)| -1
> ﬁ [4r(2r —1) (log(4107‘16)AN +16(1 +2) (E(’I“)AN + ;AN>> + 2AN] -1

=4r(2r —1) (1og(41°r16) +16(1 4 v2) (E(r) + ;)) +1

> 4r(2r — 1) <log(4107‘16) +16(1 + ﬁ)(x}/%m) +1

where the second and last inequalities follow from the result shown earlier: (E(r)+ 1/ 2)/\3-_1/ > AN
(and hence )\;/ZTAN < E(r)+ 3). O

Finally, using this lemma, we can now show the desired result, Corollary E.11, by simplifying the
bound for AN in Lemma E.10.

Corollary E.11. Suppose that the assumptions of both Lemmas E.10 and E.9 hold. Then, there exists an
absolute universal constant Cy such that if N > Cgr6)\;1/2r, then |C| > m/2, where m = |[N/AN| > 2
is the total number of intervals.
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Proof. By Lemma E.10, it suffices to show that there exists some Cy such that Cor® > v(r) =
47(2r = 1) [log(4197 %) (E(r) + 1/2) + 16(1 + V2 (E(r)) (B(r) + 1/2) + 2(E(r) + 1/2))] +2(B(r) +1/2),
and CgTG)\;l/zr > 2([E(r))\;1/2r] + 1) for all positive integers r. We then see that there exists some

1/2r

2+Cu; .
absolute universal constant Cs such that Csr? > E(r) = max{ Sin(f/%), ot 54 I— log 12} for all positive
1

integers 7, since z — sin(z) < 32? < Za (by Taylor’s Remainder Theorem) for any 0 < z < 7/2, so

sin(mw/2r) > ”(1;7:/4) for any r > 1 (and hence there exists constant Cg such that Cgr > Sm&% for all

e . . ) . 2 b2
positive integers ), and since )\;/27 < 1 (so there exists constant C7 such that C7r? > % log 12

for all positive integers r). Also, by a similar argument we see that there exists constant Cg such that
Csr? > 2B(r) + 1 > 2B(r) + 40 > 2(B(r)A; " + 2027 > 2([E(r)A; /2] + DAY, Hence,

J J J J
substituting into the expression for v4(r), and combining the two bounds, the desired Cy must indeed
exist.

O

E.2 The )\jl»/% > 1/4 case: Proof of Lemma 5.6

In a similar fashion to the previous section, we will seek to prove Lemma 5.4 in the case that A;/QT > 1/4.
In particular, our main result is as follows:

Lemma 5.6. There exists absolute uniform constant C3 € R, such that for all » > 2, N > C%, and
AT > 14,

48 1/2
<
= ()
for all (k,¢) € [r —1] x {0,1}.

To prove this result, we will use similar reasoning to the argument in the previous section. As before,
we will prove two intermediate results, which we can use to prove the main result. In particular, we use
the following two results, one which bounds |sin(f ¢)| and one which bounds |C| (as defined in (E.6) in
Definition E.6):

Lemma E.12. Assume )\;/27" > 1/4. There exists absolute constant Cy > 0 such that one of the

following two cases holds for k =1,...,r =1, £ =0, 1:
o if ris even and k = /2, sin(fy¢) = 0;

o otherwise, sin(fy¢) > C’Q_T)\jl./%,

2N+1

Moreover, |sin(6o,0)| = |sin(6p,1)| > min {‘sin( Zn ) ) %35

vl

Lemma E.16. Let AN = [C%;r*] where C} > 0 is an absolute constant that is the same as in Lemma
E.14 below, then
|C| > |[N/JAN| — 2r(2r — 1)(32AN + 8log 1612 + 2).

Note the similarity between Lemma E.12 and Lemma E.7 from the previous section, as well as
between Lemma E.16 and Corollary E.11. In particular, the reasoning used in this section is very similar
to the reasoning used in the previous case. The main difference is that when )\;/ 71 /4, Lemma E.7 no
longer holds, so we have to use a weaker result, namely Lemma E.12. This weakness is later compensated
for with a larger value of |C|, and ultimately, by a larger bound on N.

Using these two main results, the proof of Lemma 5.6 is fairly straightforward.

Proof of Lemma 5.6. First, we note that by the same reasoning as in Lemma 5.5, it suffices to show that

|Cre| < (W%)UQ for all (k,¢) € {(0,0)} U ({1,---,[r/2]} x {0,1}).
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We take AN = [CF,r*], for C1g as in Lemma E.14 below. Therefore there exists an absolute universal
constant C3 such that

1
C} > max {609, 12(AN + 2r(2r — 1)(AN)(32AN + 8log 1672 + 2)), \/6?} , (E.19)

for all » > 1, and let N > Cf.
The proof of this theorem follows the same line of reasoning as the proof of Lemma 5.5, until the end
of (E.10), which reads

o, 1 i .
Z’UQ(Z) > I ZE%,Apk,AQ cos? (0.0 + Yr.e), for all (k,£) € {(0,0)} U ({1,---,|r/2]} x {0,1})
icl, icl,
and for all t € C' where
|C| > |[N/JAN| — 2r(2r — 1)(32AN + 8log 162 + 2),

since the assumption of Lemma E.16 is fulfilled for the given choice of AN. Therefore, analogously to
Lemma 5.5, we see that

1> > %)

teCicl
1 ; .
27 > G z:(lpk,el2 cos? (ih.¢ + Y.0))
teC 1€l
1 . :
27 > ¢ omin{|pyo[*N, 1} Z cos® (e + Vr,e)
teC i€l
1 . . o .
> Za@ min{|pp,e[*N, 1} | Y cos®(iks + ) — {i i€ It € CY | . (E.20)

i€[N]

where the last inequality holds since cos?(ifly ¢ + vk.¢) < 1 and by rearranging the sums.
If | sin(fg ¢)| = 0, pg.¢ is therefore real, and hence as discussed in Lemma E.8, we thus have cos? (t0g, o+
Vi) =1 for all ¢, and hence > cos?(ibk s + Yk o) = N > %, and if | sin(6y ¢)| # 0, we then have

i€[N]
9. N 1 )
Z cos*(i0k.0 + Vo) = > + 3 Z cos(2i0 ¢ + 27vk.,0)
i€[N] i€[N]
N sin(N6¢) cos((N + 1)0k ¢ + 27k.0)
= 4 :
2 2sin by ¢
g 1
- 2 2‘81119[67[‘
N 1 or \|7" 16
> 207, = |si —
z 5 max{ 09,2 s1n<2N+1) ’S\ﬁ}
N 5N 16
> — — 2
=2 { @51 24" 3\[}
N
> (E.21)

where the third to last inequality in (E.21) used Lemma E.12, namely that | sin(6j ¢)| > min { sin
while the second to last inequality used the fact that |sin(z)| > 2|z| for |z| < % and the fact that >

ol
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-1
implies that 2]3,11 < &> so therefore ‘sin (2]311)’ < %2];’;1 = 21\’;5“ < % (where the last inequal-

ity holds since N > 2) and the last inequality used the assumption (E.19) on N. Hence, we see that

)
42[;\” cos? (0.0 + Vr.0) > % in all cases.
S
In addition, we have

Hi:iel,t e CY < N—-AN|C]|
< (N — [N/JAN|AN) + 2r(2r — 1)(32AN + 8log 167 + 2)
< AN +2r(2r — 1)(AN)(32AN + 8log 1612 + 2),

since, as discussed earlier, we have
|C| > |[N/AN| —2r(2r — 1)(32AN + 8log 1672 + 2).

Thus, combining these two results, and the earlier result (E.20), we have

1 s . . . c
1> Zglzc,z min{|pr,e[*", 1}( Z cos?(i0k ¢ + o) — |{i 13 € I;,t € C°}))
1€[N]
1"'2 : 2N N 2
> ek eminlpre*™, 1} { - = (AN +2r(2r = 1)(AN)(32AN + 8log 16r* + 2))
N~2 : 2N
2 78 Ceemin|pre[ ™, 1}, (E.22)

where the last inequality follows from the assumption (E.19) on N. Rearranging (E.22) thus completes
the proof. 0

Thus, to complete this proof, it suffices to prove the intermediate results Lemmas E.12 and E.16. We
first prove Lemma E.12, which we use to bound | sin(f.¢)|.

Lemma E.12. Assume )\}/QT > 1/4. There exists absolute constant ¢ > 0 such one of the following two

cases holds fork=1,....,r—1,/=0,1:

o ifr is even and k = r/2, sin(fx ) = 0;

1/2r

e otherwise, sin(fx,¢) > Cg "\

: 2m 3V7T
Sln<2N+1)" 32 }
1/2r
J

/\;/QT > 1/4. Hence, we have 4.% < Aj < 4" cos?" (2]\f+1>. From Lemmas 4.3 and 4.4, we know that

1/r 2/r 1/r 1/r 2/r 1/r
2=N; AT AN 2=X; = AT AN

P00 = 3 and po1 = 5 , Po,0 = po,1, and |pgo| = [po,1| = 1. Hence

Moreover, |sin(6o )| = |sin(6o,1)| > min{

Proof. From Lemma 3.3, we know that A < 2cos (ﬁ) Also, by our assumption, we have

AN N

J

2 b

£0,0 — Po,1
2

|sin(90,0)| = |Sin(60’1)| =

Mo )\?/T since A\; € (0,4") implies

where the expression inside the square root was changed to 4A;

/\?/T —4/\;/T < 0. Now, note that 4)\;” YT

;' has one critical point in (0,47) at A; = 2" (a maximum),
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S0 \/4)\;/7' - )\5/7' takes on its minimum value in [4%, 4" cos®" (21\?—&-1)} C (0,47) at one of the endpoints.

Hence, since
7r 7
= 4 /16 cos? — 16 cos?
A=t cos?(pxfer) \/ o8 (2N+1> o8 <2N+1)

= 44 [ cos? il sin? il =4 |cos il sin il
2N +1 2N +1 2N +1 2N +1

i 21
in
2N +1/|°

|'sin(6o,0)| = |sin(6o.1)| > min{

1/r 2/r
AN = A

=2

we thus have

sin 727T —S\ﬁ

2N +1/|" 32 [
Then, for k = 1,...,r — 1,¢ = 0,1, if pp, € R (which by Corollary 4.8 happens iff r is even and
k =1r/2) then sin(fy¢) = 0. Otherwise, if pi ¢ ¢ R, Lemmas 4.7 and 4.4 (which guarantee, respectively,
that there exist constants c;, ca such that for any conjugate roots py ¢, pr¢ whose norms are not 1,

|pk.e — Prel > czcl_r)\;/%, and that |pg¢| < (1 4 v/2)?) imply that there exists an absolute constant
C9 > 0 such that

| sin(O.¢)| = |pk’;/;5|k’e > Cg_T/\;/QT-
O
Next, we seek to prove Lemma E.16. In the same vein as Lemma E.8 in the previous section, we
will first bound the quotient W To this end, we will prove the following lemma which bounds
k. e3k! 0 .
%, which will, in turn, allow us to prove bounds on Ff}jl::j: )

Lemma E.13. If AN > 10, then for alli € [m — 1], where m = | N/AN| as defined in Definition E./),

we have
1 00,0,7)

< 3AN?
3AN® = ¢(i+1,0,7) < 3ANY,

where ¢ is as defined in (E.8).
Proof. Let AN > 10. We first recall from (E.8) that

o(i,0,7) :== Z COS2(’n9 + 7).

nel;

We then break the argument into cases, depending on the distance from 6 to an integer multiple of m,
since the process for bounding ¢(i, 6,~) will be different in each case.

Case 1: mi%l |0 — jm| < w/AN. Suppose first that mi% |6 — jm| < 7/AN. We will begin by proving by
JE JjE

contradiction that

¢(i,0,7) = > cos®(nf + ) > sin®(0). (E.23)

nel;

First, since AN > 10, note that it suffices to show that the first three terms of (E.23) satisfy

49



cos?(A;0 + ) + cos?((A; + 1)0 + ) + cos®((A; +2)0 +~) > sin?(6). (E.24)
Let 8 = 6y + kg where kg € Z,6y € [—7/AN,7/AN] (since Inelél |0 —j7| < w/AN). Thus, since each
j

of our functions of interest (cos?, sin?, - - - ) is m-periodic, it suffices to prove the result with 6 replaced by
0. Now, assume the inequality (E.24) (where 6y is substituted for 8) does not hold. Then it must be
the case that cos?(4;60 + ), cos?((A4; + 2)6 +7) < sin®(6p), and thus we have

|sin(A;00 + v+ 7/2)| = | cos(A;00 + )| < |sin(6p)], (E.25)

and
[sin((4; +2)6 + 7 +7/2)] = | cos((A; +2)60 +7)| < [sin(6). (E.26)

From (E.25) we deduce that

A+~ + /2 € | J(m — 6o, jm + 0o). (E.27)
JEZ

Similarly, (E.26) implies that

(Ai +2)00 + 7+ /2 € | (i — b0, j7 + 00),
JEZL

or equivalently
Aibo +~+m/2 € | (m — 360, 7 — 0o). (E.28)
jez
which contradicts (E.27), since 0y € [-n/AN,7/AN] and AN > 10 ensures that |[46y| < 7, and hence
none of the intervals in (E.27) and (E.28) overlap.
Now that we have proved (E.23) which shows ¢ has a lower bound, we now seek to find an upper
bound for ¢. We first observe that

¢(i,0,7) = Y cos’(nf + v — ANG)

nel;y1

= Z (cos(nf + ) cos(ANB) + sin(ANO) sin(nf + 7)) (E.29)

nelip
Then, we note that
(cos(nf+7) cos(ANO)+sin(ANG) sin(nh+v))? < cos?(nh+v)+|2 cos(nf+y) cos(ANH) sin(ANG) sin(nd+~)|+sin?(ANS),
and since
|2 cos(nf + ) cos(ANO) sin(ANO) sin(nd + )| < 2| cos(nf + ) sin(ANG)| < cos(nf + v)? + sin®(ANG)
by the AM-GM Inequality, we thus have
(cos(nd + ) cos(ANO) + sin(ANG) sin(nb + v))? < 2cos?(nf + ) + 2sin?(ANG),
and so

Z (cos(nf + ) cos(ANBG) + sin(ANG) sin(nf +7))? < Z 2cos?(nf + ) + 2sin*(ANG). (E.30)

n€litq neliq
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Then, by the definition of ¢, the fact that |I;; 1| = AN, and the fact that sin?(AN®) < (AN)?sin?(6)
(which follows from repeated use of the identity |sin(a + b)| < |sin(a)| + |sin(b)|, which in turn holds
since |sin(a + b)| < |sin(a) cos(b)| + | sin(b) cos(a)| < |sin(a)| + | sin(b)|),

Z 2 cos?(nf++)+2sin?(AN6) < 2(AN)sin?(ANG)+ Z 2 cos?(nf+7) < 26(i+1,0,7)+2(AN)3 sin?(6)

nelit1 nelit1
(E.31)
Finally, combining (E.29), (E.30), and (E.31), we see that
¢(i,0,7) < 20(i +1,6,7) + 2(AN)? sin®(0) (E.32)

By combining the lower and upper bounds [(E.23) and (E.32) respectively], we may now derive a bound

$(i,0.7)

on Wg’v)’ in particular,

¢, 0,7) 5 2(AN)? sin®(9)
p(i+1,6,v) — (i +1,6,7)

where the last inequality used the fact that (AN)3 > 2. Then, noting that

<24 2(AN)? <3ANS3.

o(i+1,0,v) = Z cos?(nf +~v + ANO)
nel;

= Z (cos(nf + ) cos(ANBG) — sin(ANO) sin(nd + v))?

n€lizy

and following the same arguments used to prove (E.30), and (E.31), we also have
(i +1,0,7) < 26(i,0,7) + 2(AN)?sin? ()

and hence (using the same lower bound (E.23)) we see that

1 _9(,60,7)
3AN3 = ¢(i+1,6,7)

< 3AN3. (E.33)

Case 2: mi% |0 — jm| > 7/AN
JE
Recall from (E.13) in the proof of Lemma E.8 that

AN n sin((24;41 — 1)0 + 27) —sin((24; — 1)0 + 2)

¢6,0,7) = — o0 , (E.34)

and so, using sum-to-product identities (namely sin(f;) — sin(62) = 2sin(@) COS(%)), we see that

AN sin((24;41 —1)0 +29) —sin((24; —1)0 +29) AN n sin(ANE) cos((A;+1 + Ai —1)0 + 27)

2 + 4sinf 2 2sin f
_ AN 14 Sin(ANG) cos((A;41 + A; — 1)0 4 27)
D) AN sin@ )

(E.35)
We assume in this case that miél |0 — jm| > 7/AN, which implies |sin(f)| > |sin(7/AN)| = sin(r/AN)
J€
(where the last equality holds because AN > 10). Therefore, we have

Sin(AN®) cos((Ai+1 + A; — 1)0 + 27) 1
AN sin6 ~ ANsin(r/AN)’

o1



Continuing, we see that since % > % for |x| <1, and since AN > 10, we thus have

1 2
_ < -,
ANsin(r/AN) — 7
Combining this result with our earlier results (E.34) and (E.35), we see that
AN 2
i, 0 > —(1-— E.36
o0 = 5 (1-2) (5.36)
We also note that clearly
o(i,0,7v) = Z cos?(nf 4+ ) < AN. (E.37)
nel;

Hence, by a similar argument to that used in the proof of Lemma E.8, since our bounds (E.36) and
(E.37) on ¢(i,0,~) are independent of ¢, they also hold for ¢(i + 1,6,~), and hence the bound for the

ratio in this case is
1_2/7T < ¢(13077) < 2
2 “ o +1,0,y) ~ 1-2/n
Note that # < 6 < 3AN? since AN > 10, and hence, we have (E.33) in all cases, which is our
desired result.

(E.38)

O

Using Lemma E.13, we now prove the following lemma (which is similar to Lemma E.8) that bounds
F’L ’ ’ . . . .
LLME  This lemma will then be used to bound |Dg gk |, which ultimately allow us to prove our
k, Lk’ e

second main result, the bound on |C| (Lemma E.16).

Lemma E.14. Suppose /\;/QT > 1/4. There is a absolute constant Cyo such that if AN > Cior?log AN,
for all (k,£) # (K, ¢") with (k,£), (K',¢) € {(0,0)} U ({1,---,[r/2]} x {0,1}) either

F;c Ok 0 . F}C Lk 0 .
Flii — >4/3 for alli € [m —1], or 1"7r7|’17 — < 3/4 for alli € [m —1],
kK" 0 k,0;k! 0!

(for m = |[N/AN| as defined in Definition E./).
Proof. As in Lemma E.8, by the definition (E.9) of T}, .1, 1, We have

; _AN . .
Ly o o _ < oK. ) Py Or,0, Vi) P+ 1, Opr 0r, i 0r)
Tyt o Pk 0| (i + 1,00, vk,0) (s Onr ory s 0r)

AN
so, to bound this quantity, we need to consider bounds on (%) . I |pk.el > |prr |, recall from
(E.15) in Lemma E.8 that

AN
‘pk €| AN 04)\1_/2'r
_PRET >(1+ ; ,
low e r
1/2r
J
AN AN o
(|IW||> > (1 + 4) > et AN, (E.39)
k! 0 r
We now choose the absolute constant Cg to be such that
Cy+ 472

4

for Cy an absolute constant. Using the assumption A
x > —1, we have

> 1/4, and the fact that log(1 +z) > {7 for

Cior?log AN > max { (6log AN +log9 —log(3/4)), 10} ,
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and suppose that AN > Cior?log AN. We therefore have AN > 10, so, by Lemma E.13, we have

1 00,0,7)
3AN3 = $(i+1,0,7)

Combining the above bound with (E.39), we have

< 3ANS3.

T, o AN ; ) o Y gt __Ca
ffik o < |k ] ) ?(Z,Hk,e,%,e) P(i + L, Ok or, i o) < 9(AN)Pe G AN 3/4,
A ok | (i + 1,00, v6,) D0, Ok 0r, Yier )

where the last inequality used the fact that AN > Cipr2log AN > 04257:1"2(6 log AN +1og9 —log(3/4)),

Cy+ar?

C.
which is equivalent to e > [2(9(AN)S)] " cr , ie. et AN > 31(9(AN))]. As in the proof of

[k el

S(1,0k,0,vk,0)  PCE+L0ks o7 Vit 07)
d(+1,0k,0,vk,0) 0 (4,057 o13Vpr 1)

AN
Lemma E.8, in the case that |pg ¢| < |pr.e’|, we can apply the same arguments to (ka/,w\) to find a

[Pk el
\Pk’,e'|

—AN
lower bound for ( ) ; combining this with the lower bounds on

we find that F?jf{" £ >4/3 in this case, and the desired result therefore holds.
k,e;k! 0"

O

Then, as in the previous section, it is sufficient to bound | Dy ¢;47,/| and use the fact that |Cf .1/ | >
| Dy e;k 0] to bound |Cf 4 | and then bound [C|. Thus, just as we used Lemma E.8 to prove Lemma
E.9, we use Lemma E.14 to prove the following bound on | Dy ¢4 ¢ |-

Lemma E.15. For any (k,0) # (K, 0), if

Fi k! L FZ VAN
kK0 . kK0
IﬁT 24/3 fO?” all 1, or T
kKL k0K 0

then |Dg ok 0| > |[N/JAN| — 32AN — 8log 1672 — 2.

< 3/4 for all i

Fl v . . . .
Proof. Without loss of generality, assume I,,’ff{’“ £ > 4/3 (just as in Lemma E.9, Lemma E.1 will imply
k,e;k! 0!
FZ ’ ’ . . .
the same result if F’ff{"’ £ < 3/4). Also, as in the proof of Lemma E.9, there are slightly different
k, Lk’ e

arguments depending on whether or not |pg ¢|, |px | are greater than 1 or not.

Let S = %, so that 2% > 4r2e*2N | Asin Lemma E.9, by Lemma E.1 (with the same choices

of B;, B, p1, p2, and «, since the assumptions are the same), we know that except for [25/1log,(4/3)]+1 >
25/10og4(4/3) + 2 consecutive subsets, it holds that

F};@Z;k’,f' < 2_S or F};’é;k/)el > 28. (E40)
Analqgously to Lemma E.9, if |pr¢| < 1, |prr er| > 1 o1 |pre| > 1, |prr er] < 1, the expressions in Dy, g er
are T ,.,, , or Titl, .. As a result, since 2% > 4r2¢*2N > 472 we have the desired conclusion for all

but 25/1og,(4/3) + 2 consecutive subsets.
Next, we note that in the case that |pg ¢|, |or | > 1, we see that

|pi, e P2N < (14 V218N < fAN (E.41)

where the first inequality follows by Lemma 4.4 and the second inequality follows since 1+ +v/2 < e. Now
suppose that I'} ;. < 2-5. If this is the case, then we have
E?c’,[’ ‘pk/// |2Ai¢(7;a 076/75/7 ’Yk’l’) 2> 2SE%,Z|pk,Z|2Ai¢(ia akla 7’67@)
= 2%C ylpr,e* | pre i, 0,0, Vht)
> 25 1ANE ok e P B4, Ok Vioe)

> 41 ol pr,e P4 S0, O, Vi 0)- (E.42)

|—2AN¢(
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where the first inequality is from the definition (E.9) of l"}'M; k¢» and where the last equality is due to
the definition of S. A similar argument using (E.41) on |pg ¢ | shows that

el e PG, On o vh0) > 4770 ool prr o [P B, O o, Yaor 07)

i T g o > 25,
Also, an analogous argument implies the same result if |pg ¢|, |pxr.e/| < 1, since

|pk,€|_2AN S (1 +\/§)4AN S €4AN,

where the first inequality follows by Lemma 4.4 and the second inequality follows since 14 /2 < e.
Finally, the number of the excluded intervals

SAN + 2log 1612
log 2log,(4/3)
8AN + 2log 1612
T log(4/3)
< 32AN + 8log 1672 4 2

+ 2

25/1og,(4/3) +2 =

+2

which implies the conclusion of this lemma. O

Finally, we now use this bound on | Dy, ¢,k ¢| to prove our second main result, which provides a bound
on |C] (note the similarities with Lemma E.10).

Lemma E.16. Let AN = [CZ,r*] where Cyg is the same as in Lemma E.14, then
|C| > |[N/JAN| — 2r(2r — 1)(32AN + 8log 1612 4 2).

Proof. Since AN = [CZ,r%], it can be verified that this AN satisfies the assumption of Lemma E.14,

since AN > C’for‘1 > Cor? log(C'1207“4 +1) > Cior?log AN where the second inequality follows since

x > log(z? + 1) for all positive . Thus Lemma E.14 implies the bounds on ;fjf{’“”” used in the
k., 0k 0’

assumption of Lemma E.15. Then, by Lemma E.15 we have a lower bound on the cardinality of Dy, ¢,/ ¢,

|Di.okr o] > | N/JAN| — 32AN — 8log 1612 — 2. Thus, using this bound we can proceed to compute,

[Cl =[N0 CLppr el = IN/JAN| = | U Cpinr 00|

> [N/AN]| - > |Ck k7 0|
k0 k0 (k,0)F (k0
> [N/AN] - > (LN/AN] = | Dy pr 00 )

bk 0 (k) AK€
> [N/AN]| —2r(2r — 1)(32AN + 8log 16r* + 2).
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