Math 828 Homework 2 Solutions 9/13/2023

Exercises: (Chapter 1.2-3)

1. Fix n € N and denote the Borel o-algebra on R™ by B.
(a) Show that B is generated by the collection of open boxes
(a1,b1) X+ X (an, by)
for a1,b1,...,a,,b, € R with a1 < by,...a, < b,.
(b) Fix t = (¢1,...,t,) € R™. For a Borel set £ C R”, show that
E+t:={(z1+t1,....,2p +tn): (x1,...,2,) € E}

is also a Borel set. We say B is translation invariant.
[Hint: Consider the collection {E € B: E+t € B}.]

(¢) Fix t = (t1,...,t,) € (R\ {0})™. For a Borel set E C R", show that
E-t:={(z1t1,...,Tntn): (x1,...,2,) € E}
is also a Borel set. We say B is dilation invariant.
2. Let (X, M, u) be a measure space with E,, € M for each n € N.
(a) Show that
p(liminf E,) <liminf u(E,).

n—oo

(b) Suppose p(lJ,, En) < co. Show that

p(limsup E,,) > limsup pu(Ey,).

n—oo

3. Let p be a finitely additive measure on a measurable space (X, M).

(a) Show that u is a measure if and only if it satisfies continuity from below.

(b) If u(X) < 0o, show that p is a measure if and only if it satisfies continuity from above.
4. Let (X, M, u) be a measure space.

(a) Suppose p is o-finite. Show that p is semifinite.

(b) Suppose pu is semifinite. Show that for E € M with p(E) = co and any C' > 0, there exists F C E
with C < p(F) < co.

5. Let (X, M, i) be a measure space and for E € M define
po(E) :=sup{u(F): F C E with u(F) < oo}.
We call up the seminfinite part of .

(a) Show that pg is a semifinite measure.
(b) Show that if y is itself semifinite, then p = uo.

(c) ! We say E € M is p-semifinite if for any F' C E with u(F) = oo there exists G C F with
0 < u(G) < co. Show that

0 if F is p-semifinite
v(E):= :
oo otherwise

defines a measure on (X, M) satisfying p = po + v.

Inot collected
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Solutions:

1. (a) Let & denote the collection of open intervals in R, then the collection of open boxes in R™ is

(b)

precisely
n
{(I[ Ei: Es €€}
j=1

Also denote £ := € U{R}. Then & C £ and

R= D(—l@k)

k=1

imply M() = M(E) and

M({ﬁ E;j: E; € &)) = M({ﬁ E;: E; € £})

j=1 j=1

by Lemma 1.1 from lecture. Since R € &, we can apply the second part of Proposition 1.4 to
get that the above o-algebra equals @’_; M(E) = ®’_; M(E). Since M(E) = Bg by Exercise 5
from Homework 1, we thus have

Finally, by Corollary 1.6 from lecture the above o-algebra is exactly B. O

Denote B' := {E € B: E +t € B} as in the hint. Then clearly B’ contains all the open boxes,
and it is a o-algebra since the map F +— FE + t being invertible implies it commutes with taking
complements and unions. Lemma 1.1 therefore tells us that B’ contains the o-algebra generated
by open boxes, which is B by part (a). On the other hand, B’ C B by definition. Hence B’ = B,
and so the translation of any Borel set is a Borel set. O

Let B” := {E € B: E-t € B}. Once again B” is a o-algebra containing the open boxes, and so
arguing exactly as in the previous part we see that B” = B. Hence the dilation of any Borel set
is a Borel set. ]

Denote
Fp = () Ex.
n=~k

Then liminf E,, = J,, F, and F,, C F,, 1. Thus continuity from below implies

p(liminf E,) = lim p(F,).

n—oo

Also, since F,, C Ej, for all k > n, monotonicity gives us u(F,) < p(Ex). Thus

p(liminf E,) < lim ]inf w(Ey) = liminf u(E,).
n n— oo

n—oo k>

Denote

k=n
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Then limsup E,, =(,, Gpn, and Gy, D G, 41. Since
= p( U E,) <oo
n=1

by assumption, continuity from above implies

p(limsup E,) = lim p(Gy).

n—oQ

Now, u(Gy) > u(Ey) for all k > n by monotonicity, and thus

p(limsup Ey) > lim sup p(Fy) = limsup p(E,).

n=00 k>n n—00
]

3. Note that the forward directions of both parts follow from Theorem 1.8 in lecture, so it suffices to prove
only the backward directions. Additionally, by definition of a finitely additive measure, it suffices in
each part to show that u is countably additive.

(a) Suppose pu satisfies continuity from below and let {F,,: n € N} C M be a disjoint collection.
Letting F, := E1 U---U E,, for each n € N, we see that

p(Fn) = p(Er) + -+ p(En),

and F} C Fy C ---. Thus by continuity from below we have
g (Ul E) - <U1 F") = lm p(Fy) = Tim (u(Br) + -+ p(Ey)) = ;M(E )
Hence p is a measure. O

(b) Suppose u satisfies continuity from above, u(X) < oo, and let {E,: n € N} C M be a disjoint
collection. Note that by finite additivity

(UE ) = p(Er) + M(Ek1)+u<U En) (1)
n=~k
for each k£ € N. Define Gy, := UZO:,C E,, for each k € N so that G1 D Go D ---. Also note that
ﬂ Gy = limsup E,, = (),
k=1
since the E,, are disjoint and therefore no x belongs to infinitely many E,,. We also have u(G1) <
w(G1) + u(G§) = u(X) < oo, so by continuity from above:

hm w(Gy) = ﬂ Gr) = p(0) =

Letting k — oo in (1) then gives

u(U > = lim u(U ) = Jim p(By) + o p(Epr) + w(Gr) = D plEn).

n=1 =

Hence p is a measure. |
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4.

(a)

Let (X, M, u) be a o-finite measure space, and let E € M with u(E) = co. By o-finiteness,
there exists {Gp}nen C M satisfying |J,, G, = X and u(G,) < oo for all n € N. We claim
0 < u(ENG,) for some n € N. Indeed, if not then by subadditivity we have

=l BEnGn) <3 n(BENG) =

contradicting u(E) = oo. Thus 0 < u(ENG,) for some n € N, and by monotonicity we also have
w(ENG,) < oo. Thus p is semifinite. O

Note that by semifiniteness,
F={FeM:FCE, 0<u(F) <o}

is non-empty, and therefore a := suppcz u(F) > 0. Suppose, towards a contradiction, that
a < 0o. Let (F,)nen C F be a sequence satisfying p(F,) — «. Note that Fy U---UF, € F
for each n € N by subadditivity, and hence u(F; U---U F,) < . By continuity from below, we

therefore have
oo

U = lim p(FRU---UF,) <a.
~ n—oo
On the other hand, p(Fy U-U F ) > p(Fy,) by monotonicity. It follows that G := | J,, F;, € F with
1(G) = . Now,
pE) = n(E\ G) + (@)
0o. As p is semifinite, there exists F' C E'\ G with 0 < p(F) < oo. But
)+ u(G) € (a,00) so that FUG € F with u(F UG) > «, contradicting the

implies p(E \ G) =
then u(FUG) = u(F
definition of a.

Thus a = oo and hence for any C' > 0 one can find F € F with u(F) > C. O

We first show that pg is a measure. For E = (), any subset is necessarily the empty set and hence

po(0) = sup{u(@)} = 0.

If {E,: n € N} C M is a disjoint collection, then for any F' C |J.-, E,, with u(F) < oo one has
that u(F N E,) < oo for all n € N by monotonicity. Thus

F):ZN(FmEn) < ZHO(E

and taking the supremum over all finite measure subsets F' C |J F,, one obtains
o0
A(VENE ot
n=1

Conversely, if uo(E,) = oo for any n € N, then there exists Fr C E,, with u(Fr) > R for all
R > 0. Since Fr C |J E,, this implies po(|J Er) = co. Now suppose u(E,) < oo for all n € N.
Let € > 0 and for each n € N let F,, C E,, be such that u(F,) < oo and po(E,) — 55 < p(Fy).

Then for each N € N we have
N e’}
UF.clE
n=1 n=1

and is of finite measure. Thus

N )
> po(En) Zu +—/~L<UF>+€1—(1/Q) )<uo<UEn>+e

n=1
Letting N — oo and € — 0 yields the inequality needed to show g is countably additive.
Next, we must show pg is semifinite. Suppose F € M satisfies pg(FE) = co. The definition of pg
implies there exists F' C E with 0 < u(F') < co. Then for any G C F one has u(G) < u(F) and
hence po(F') = p(F) € (0,00). Thus po is semifinite. O
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(b)

()

Suppose p is semifinite and let E € M. If u(E) < oo, then the argument at the end of part (a)
shows po(E) = u(E). If u(E) = oo, then by Exercise 4.(a) for any C' > 0 there exists F' C E with
C < u(F) < p(E). Hence po(E) > C for all C > 0, and therefore po(F) = oo = u(E). O

We will first show p = po + v. First claim that if E is p-semifinite, then p(E) = po(E). Indeed,
if u(E) < oo then this follows from the argument at the end of part (a). Otherwise, arguing as in
Exercise 4.(b) we see that

{W(F): FCE, 0<pu(F)<oo}

is unbounded, and hence po(F) = oo as the supremum of the above set. This proves the claim
and consequently, u(E) = puo(E) = po(E) + v(E) for any u-semifinite E. If E is not p-semifinite,
then necessarily p(E) = oo = v(E) = po(E) + v(E).

Now we show v is a measure. Since pu(f)) = 0 < oo, we see that () is p-semifinite and therefore
v(0) = 0. Next, let {E,: n € N} C M be a disjoint collection. If Fj is not u-semifinite for some
k € N, then there exists F' C Ej, with pu(F) = oo but u(G) € {0,000} for all G C F. This same F
is a subset for |J E,,, and so we see that |J F,, is also not p-semifinite in this case and hence

iy(En):oo:V<U En>

n=1
Otherwise, F,, is pu-semifinite for all n € N and therefore

o0

> v(E) =) 0=0.

n=1

So we must show that in this case, |J E, is also p-semifinite. Let F' C |J E, with u(F) = cc.

Note that
0o = u(F) = p (U Ean> =Y uE,NF),
n=1 n=1

and so u(E, N F) > 0 for at least one k € N. If u(Ex N F) < 00, we take G := E, N F. Otherwise,
w(Er N F) = oo, and then invoking the u-semifiniteness of Fj we can find G C E; N F with
0 < u(G) < oo. This G is of course also a subset of F', and so |J E,, is p-semifinite. O
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