MTHI132 - Examples

2.3 Problems

Graphs and Tables

Example 1. Suppose that

v | f(x) | f'(x) | 9(z) | g'(x)
2 3 2] 4| 7

Example 2. If f and g are the functions whose graphs are shown below,

let u(x) = f(x)g(x) and v(x) = %
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(a) Find w/(1) /(1) = f()g(1) + f(1)g'(1) =2-1+1-(=2) =0

’ ’ _l1o9 3.2
(b) Find v'(5) '(5) = f (5)9(5;)2—(5)(5)9 (6B) _ ~3 22 33

win
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Standard Problems

Example 3. Differentiate the functions:

() f(z) =7

Since f(x) is a constant, we have f'(z) =0

(b) g(z) = (v - 2)(22 +3)
Using the product rule ¢'(z) = (x —2)'(2x +3) + (¢ —2)(22 +3) =22 +3+2(x —2) =4z — 1

v+
(©) ha) = Y
First simplify h(x): h(z) = \/—25 + % =g 4 7L,
2 x
Then take the derivative using the fact that (z") = na"™!, I'(z) = (7%2) + (z7') = 22752 — 272

T 5(32

First simplify k(z): k(z) = - = — -
e x c

2Y/(,.2 2(2 P (a2 _ 2.9
Then take the derivative using the quotient rule: &'(z) = (@)@ +e) —ala+c) = p@” o) —a -2 =
(@ P @+ P

2xc
(22 4 ¢)?

MSU 2



MTHI132 - Examples
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Example 4. Find the equation of the tangent line of the curve y = T through the point (1, 2).

et 1 241
= fi_ T To find the tangent line of f(z) at (1,2), we
x

Solution: Denote the given function by f(x): f(x)
need to find f/(1). Using the quotient rule

Bz +1)(z*+1)— Bz +1)(z*+1) 3(@*+1)— Bx+1)(2z) —32*—2z+3

f'(x) = (72 + 1)2 - (2 + 1)2 - (2 + 1)2

Plugging x = 1, we get f/(1) = —1/2. Plugging f'(1) = —1/2, f(1) = 2 into the equation of the tangent
line, we get

1
y—2:—§(x—1)

Example 5. Find the points of the curve y = 22® + 32% — 122 + 1 where the tangent is horizontal.
Solution: Tangent being horizontal means the derivate equals 0. The derivative of the given function is
(223 + 322 — 122 + 1)) = 62% + 62 — 12, setting it to 0 and solve for z,

62 + 62 — 12 =0
=2’ +2x-2=0
= (z+2)(z—-1)=0
= r=1-2

The curve has a horizontal tangent at x = 1, —2.

ax? if x <1 . ) .
Example 6. Let f(z) = _ . Find the values of a and b that make f differentiable
3r+0b ifx>1
everywhere.
Solution: No matter what a and b are, f(z) is differentiable on the intervals (—oo,1) (as when z < 1,
f(x) = az? is a polynomial and polynomial is differentiable), and f(z) is differentiable on the intervals
(1,00). The only point left out is z = 1. If we can take a and b such that f’(1) exists, then f(z) is
differentiable everywhere. What values of a and b make f'(1) exist? f/(1) exists means f is differentiable

at 1, then it must first be continuous. Continuity means lim f(x) = lim+ f(z) = f(1). You can work out
1~ z—1

these one sided limits: lim f(z) = q, lim+ f(x) =3+ b. Since the left and right limits equal, we have
z—1- z—1

a=3+0b

But continuity is not enough to ensure differentiability. Recall that by definition, f'(1) = lim1 w
T—r

For this limit to exist, we need lim w = lim fUth=fA)
(1+h)—f(1

1~ z—1t h
lim w =2q and lim £ 7 I — 3. Set them equal, we get
z—1- z—1+

. You can work out these one sided limits:

20 = 3

Combining the above two equations, we get a = 3/2,b = —3/2.
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